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INTEGRAL PERIOD RELATIONS AND CONGRUENCES
J. TILOUINE AND E. URBAN
Abstract. Under relatively mild and natural conditions, we establish an integral period
relations for the (real or imaginary) quadratic base change of an elliptic cusp form. This
answers a conjecture of Hida regarding the congruence number controlling the congruences
between this base change and other eigenforms which are not base change. As a corollary, we
establish the Bloch-Kato conjecture for adjoint modular Galois representations twisted by
an even quadratic character. In the odd case, we formulate a conjecture linking the degree
two topological period attached to the base change Bianchi modular form, the cotangent
complex of the corresponding Hecke algebra and the archimedean regulator attached to
some Beilinson-Flach element.
1. Introduction
Describing the Deligne period (or Beilinson regulator) of a motif obtained by tensor, direct
sums, dual of other motives is a rather straightforward linear algebra computation. On the
other hand, when this motif is associated to an automorphic representation obtained by some
instance of Langlands functoriality, establishing the period relation up to an algebraic number
between the one obtained from the cohomology of a new Shimura variety (or more generally
the corresponding locally symmetric domain) and the one of the original motif is more or less
equivalent to knowing the Hodge and Tate conjectures in the case considered. Establishing
the corresponding period relation without assuming the latter has been obtained in many
cases from integral representations of L-functions together with certain non-vanishing results
or assumptions. Many results have been obtained after for example the works of Shimura
[Sh83], Blasius [Bl86], Harris [Ha97] and more recently by H. Grobner, M. Harris and J. Lin
[GHL] just to quote a few.
On the other hand, establishing the same period relations up to a p-adic unit with similar
arguments would require to use the non-vanishing modulo p of many L-values. Since very few
of those are known, it turns out that proving integral period relations is usually very difficult
and very few general examples are known (see for instance [GV00, Pr08]). Equivalently,
it is a straightforward exercise to see that in many cases, the integral period relations to
be studied is equivalent to some instance of the Bloch-Kato conjecture or relations between
various congruence numbers.
The purpose of this work is to deal with case where the Langlands functoriality is the base
change for cuspidal representations of GL(2). We hope it will convince the reader of the
importance of the phenomena alluded before about the link between integral period relations,
factorization of congruence numbers and the Bloch-Kato conjecture.
Let us denote by Ad the degree 3 representation given by the adjoint action of GL2 on
sl2 = Lie(SL2). Let f ∈ Sk(Γ0(N)) be a primitive cuspform of weight k ≥ 2 and level N . Let
Kf be the field generated by its Hecke eigenvalues. Let χ be a Dirichlet character and ν = 0, 1
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such that χ(−1) = −(−1)ν . We define, following [H99, Section 2.5] the Gamma factor of the
motive Ad(ρf )⊗ χ as
Γ(Ad(ρf )⊗ χ, s) = ΓC(s+ k − 1)ΓR(s+ ν)
where ΓC(s) = 2·(2π)−sΓ(s) and ΓR(s) = π−s/2Γ( s2). By self-duality of Ad(ρf ), the functional
equation [GJ78] for the complete L function
Λ(Ad(ρf )⊗ χ, s) = Γ(Ad(ρf )⊗ χ, s)LAd(ρf )⊗ χ, s)
relates s and 1 − s. The special value at s = 1 is critical if and only if χ is even (that is,
ν = 1). However, there are precise rationality and even integrality results.
If χ is an even Dirichlet character of conductor prime to N , let G(χ) be the Gauss sum
associated to χ and Kf (χ) be the field generated over Kf by the values of χ. we have
L∗(Ad f ⊗ χ) := G(χ)Γ(Ad f ⊗ χ, 1)L(Ad f ⊗ χ, 1)
Ω+f Ω
−
f
∈ Kf (χ)
(see [St80] and [H90]). See Section 3 below for the precise definition of the Manin periods Ω+f
and Ω−f .
If χ is quadratic, Hida [H99] established integrality results for χ even or odd (the periods
are different in the odd case, as expected, since it is a non critical value). He also formulated a
Conjecture [H99, Conjecture 5.1] relating this value to the cardinality of the non base change
congruence module of C1-type. In this paper, we prove this conjecture as stated by Hida for
an even quadratic character. In the odd case, we prove a similar statement but one needs to
replace the congruence module of C1-type by the one of C0-type. These numbers are not the
same in that case as the Hecke algebra is not complete intersection in general as some torsion
might occur in the cohomology of the corresponding Bianchi variety.
These results rely on integral period relations that we need to establish. We do so by proving
two divisibilities between periods and certain L-values and then non base change congruence
numbers by using two complementary tools: The first one is a theorem of Cornut-Vatsal [C02]
and [Va02] (and Chida-Hsieh [CH16]) non vanishing modulo p theorem, and the second one
is Hida’s integral linear form on H2 of the modular variety for GL(2, F ) (either a Hilbert
surface or a Bianchi hyperbolic threefold) whose kernel is generated by the Hecke eigenclasses
on H2 associated to cusp forms on GL(2, F ) which do not come from base change. If the
theorems of Cornut-Vatsal [C02] and [Va02] (and Chida-Hsieh [CH16]) could allow a non
trivial Nebentypus, we could actually prove Hida’s Conjectures for a form f ∈ Sk(Γ1(N)) (as
Hida’s integral linear form on H2 does allow forms with non trivial Nebentypus). However,
since these results are not yet available we restrict ourselves to the trivial Nebentypus case in
this paper.
Results relating (twisted) special adjoint L values to congruence numbers do not require
R = T theorems. Rather, they make use of the multiplicity one property, which is valid
under mild assumptions. Our results on integral period relations do therefore have no need
of the stronger assumptions necessary to identify universal deformation rings with Hecke
algebras, however those will be needed for our application relating these special L values to
the cardinality of Selmer groups.
In order to state our main results, some precision is now in order. We fix integers k ≥ 2 and
N ≥ 1. Throughout this work p will be an odd prime bigger than k−2 and prime to 6Nϕ(N),
although the primes dividing ϕ(N) could also be included, with some more care. Let O be the
valuation ring of a "sufficiently big " p-adic field (containing the eigenvalues of f and certain
Dirichlet characters) and m be the maximal ideal of the Hecke algebra hk(N ;O) associated to
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the reduction of f modulo the uniformizer ̟ of O. We denote by T the localization of this
Hecke algebra at m.
We will assume throughout that the residual Galois representation associated to f is irre-
ducible. In other words, f is non-Eisenstein at p.
Let F be a real quadratic field of discriminant D and let χ = α be the corresponding
Dirichlet quadratic character. Note that s = 1 is critical for L(Ad(f)⊗ α, s).
Let fF be the normalized base change of f to F and mF the maximal ideal of the cuspidal
Hilbert Hecke algebra hFk,k(N ;O) associated to fF . We assume throughout the paper that mF
is non-Eisenstein as well. It would follow for instance from the stronger assumption about
(f, p) that ρf contains SL2(Fp). Let TF be the localization of h
F
k,k(N ;O) at mF . For every
character ǫ of {±1}2 (which we will identify as a pair of signs) Hida [H99], (see also Section
4.1 below) one defines periods ΩǫfF ∈ C×/O× analogous to the Manin periods. Then, our
main results (see section 4.2) are the following.
Theorem 1. We assume that p > k − 2 and p is prime to 6ND ·#(OF /NOF )×. Then, for
ǫ = (+,−) or (−,+), we have the period relation :
ΩǫfF ∼ Ω+f Ω−f .
where, for A,B ∈ C×, we write A ∼ B if A = B · u for some that u ∈ O×.
Following Hida, we define (in sections 2 and 3) congruence numbers or ideals ηf , ηfF and η
♯
f
controlling the congruences between f and other cusp forms, resp. its base changes to other
Hilbert cusp forms, resp. its base change to non base change Hilbert cusp forms.
Let ρf be the p-adic Galois representation associated to f by Eichler-Shimura and Deligne.
If we moreover assume that ρf is N -minimal
1, p > k and has residual big image (see Section
3 below), we have R = T for f by [Wi95], and RF = TF for fF by [Fu06]. We can therefore
rewrite the congruence numbers in terms of O-Fitting ideals of Selmer groups (Sel∗(Ad ρf ) of
the adjoint Galois representation Ad ρf . Let F
′ = F (
√
p(−1) p−12 ). For any finite O-module
M , let char(M) = FittO(M) be its Fitting ideal. From the works of Wiles and Taylor-Wiles
and its generalization to the Hilbert setting, we obtain
Theorem 2. We keep the same assumptions as in Theorem 1 and further suppose that p > k,
ρf |GF ′ is irreducible and N -minimal, then we have:
char(SelQ(Ad ρf ⊗ α)) = (L∗(Ad f ⊗ α))
For an elliptic curve, this implies the following corollary.
Corollary 1. Let E/Q be a semistable elliptic curve of conductor N and p > 3 a prime for
which E has no points of order p defined over F ′, then if the Galois representation E[p] has
conductor N we have
char(SelQ(Ad(E) ⊗ α)) = (L∗(Ad(E)⊗ α, 1))
where
L∗(Ad(E)⊗ α) := Γ(Ad(E) ⊗ α, 1)L
∗(Ad(E)⊗ α, 1)
Ω+EΩ
−
E
and Ω+E,Ω
−
E are the Néron differentials associated to E.
1 The definition of this minimality condition is recalled in Section 3. It is also called N-finite as in [Fu06,
Definition 3.3].
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Let us state also a Corollary in the Iwasawa theory. Recall that for p-ordinary eigenform
f , one of the authors [Ur06] has established one divisibity predicted by the Coates-Schmidt-
Iwasawa-Greenberg Main Conjecture for Adf ⊗α over the cyclotomic Zp-extension Q∞ of Q:
Lp(Ad(f)⊗ α) ⊃ FittΛ(SelQ∞(Adf ⊗α))
where Λ = O[[Gal(Q∞/Q)]] is the Iwasawa algebra. Thanks to Theorem 2, we can show the
equality holds in many cases.
Corollary 2. Under the same assumptions as in Theorem 2 and that either p is inert in F
or that the L-invariant of f is non zero, then the Iwasawa-Greenberg Main Conjecture for
Adf ⊗α holds:
charΛ SelQ∞(Ad f ⊗ α) = (Lp(Ad(f)⊗ α)).
In the case F is an imaginary quadratic of discriminant −D with associated odd quadratic
character α, we obtain results of a different nature as the value of L(Ad(f) ⊗ α, s) at s = 1
is no longer a critical value. We introduce similarly the normalized base change fF of f to
F . This is a Bianchi modular form of weight k and level N.OF to which one can associate
two differential forms on the Bianchi variety of respective degree one and two. This allows to
define two periods u1(fF ) and u2(fF ) (see Section 5.1) as in the second author’s original work
[Ur95].
let hFk (N,O) be the Hecke algebra acting faithfully on the second cohomology of the Bianchi
variety of level N and TF be its localization at the maximal ideal mF associated to fF .
Similarly as in the real quadratic case, we define (see Section 5.2) Hecke and cohomological
congruence ideals ηfF , η
♯
fF
, ηcohfF , η
i,♯
fF
for i ∈ {1, 2}. Our main result in the imaginary quadratic
field case is the following Theorem.
Theorem 3. Assume that (N,D) = 1 and that the number of prime factors of N which
remain inert in F is odd. Let p > k be a prime not dividing D ·N ·#(OF /NOF ) and suppose
that f is non Eisenstein and N -minimal for this prime. Then
(i) We have the period relation (up to a p-adic unit)
u1(fF ) ∼ Ω+f Ω−f ,
(ii) We have the equality (up to a p-adic unit)
Γ(Ad(f)⊗ α, 1)L(Ad(f)⊗ χ, 1)
u2(fF )
∼ η1,♯fF
(iii) We have an equality of ideals in O:
ηcohfF = ηf · η1,♯fF
Note that the last statement is not a consequence of Hida’s congruence numbers formalism
which does not apply a priori since the Hecke algebra TF is not Gorenstein in general. Using
the works of Calegari-Geraghty, Scholze, Newton-Thorne and others, we however can relate
deformations of the Galois representations to the Hecke ring TF which is a key ingredient of
the following theorem.
Theorem 4. We keep the same hypothesis as the previous Theorem and further assume (IrrF )
and (MinF ) as in Section 3. Then, we have
char SelQ(Ad(ρf ⊗ α)) ∼ L(Ad(f)⊗ α, 1)
u2((fF )
·H1(LTF /O ⊗λfF O)
where LTF /O stands for the cotangent complex of TF over O.
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The apparition of the degree one homology of the cotangent complex measures the defect
of TF of being complete intersection. This defect is always non trivial since it was observed
in [CaGe14] that TF is in general not complete intersection in this context.
A formulation of the Bloch-Kato conjecture in this setting leads us to the following conjec-
ture that can be seen as an integral version of a conjecture of Prasanna-Venkatesh.
Conjecture 1. We keep the hypothesis of Theorem 4, then the following holds:
Ω+f Ω
−
f · Rf,α ∼ u2(fF ) · charH1(LTF /O ⊗λfF O)
where Rf,α ∈ R× is an O-integrally well-defined archimedean regulator of a Beilinson-Flach
element attached to f and α.
It results from this work that the above conjecture is equivalent to the Bloch-Kato conjec-
ture. A direct proof without involving Selmer groups appears however very unlikely.
The paper is organized as follows. In section 2, we gather some abstract results and defi-
nitions on congruence ideals and in particular a general factorization of the congruence ideal
in the base change setting. In Section 3, we recall the various definitions of periods and con-
gruences numbers for elliptic cusp forms and the main result about them. The section 4 is
devoted to our result for the base change to totally real fields. In particular, we formulate a
general conjecture of an integral period relation for the base change and establish the result
in the quadratic case. In passing, we extend some facts about freeness of the cohomology that
are not available in the literature. In section 5, we deal with the base change to an imagi-
nary quadratic field and discuss our result in the the perspective of the Beilinson-Bloch-Kato
conjecture and its link with an integral version of the Prasanna-Venkatesh conjecture.
Acknowledgment. We would like to thank M. Dimitrov and H. Hida for useful discussions and
their interest in our work. We are also grateful to H. Hida for his comments on an earlier
version of this paper. This project was started when the second author was a Professeur invité
at the University Paris 13 and he would like to thank this institution for its financial support.
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2. The formalism of the congruence modules
The goal of this section is to recall some definitions and establish some properties of congru-
ence modules attached to characters of finite commutative algebras over a discrete valuation
ring. Some of these facts are well-known to the experts but are difficult to find in the literature
except for the reference [H86]. In this section O is a discrete valuation ring of characteristic
zero and K is its field of fractions. For any finite O-module M , we will denote by FittO(M)
its Fitting ideal in O and we will write MK :=M ⊗O K.
2.1. The congruence module C0. In this subsection, T is a reduced, finite and flat O-
algebra or, equivalently, T is finite flat over O and TK is semi-simple. Now assume we have
two semi-simple K-algebras AK and BK such that we have a factorization
(1) TK ∼= AK ×BK
We then will denote by A (resp. by B) the image of T into AK (resp. BK) by the first (resp.
the second) projection). For C = A or B, let us call λC the projection of T onto C and by
eλC ∈ TK the corresponding idempotent of TK . For any finite T -module M which is flat over
O, and for C = A or B, we put
MλC :=M ∩ eλC ·MK and MλC = eλC ·M
When λC is clear from the context, we will write MC and M
C in place of MλC and M
λC . We
put
CλA0 (M) :=M
A/MA(2)
This module is called a congruence module as it measures the congruences between the algebra
homomorphisms in A and B that occur in M as it is straightforward to see that the natural
map M →MA, induces the isomorphisms:
M
MA ⊕MB
∼=MA/MA ∼= M
A ⊕MB
M
and in particular we have CλB0 (M)
∼= CλB0 (M). We now fix an O-algebra homomorphism;
λ : T → O
We denote by cTK := (1 − eλ)TK and by cT the image of T into cTK , so that we have an
isomorphism Tk ∼= K × cTK like in (1). For any finite module T -module M which is flat over
O, we therefore have in particular
Cλ0 (M) :=M
λ/Mλ ∼=M cT /McT
and we put
ηλ(M) := FittO(C
λ
0 (M))
In the special case M = T , we have
ηλ := ηλ(T ) = λ(Ker(T → cT )) = λ(AnnT (Ker(λ)).
Moreover, there is a canonical surjective map Cλ0 (T )⊗T M ։ Cλ0 (M). So if MλK is of rank 1,
we have
ηλ(M) ⊃ ηλ(3)
Let M1 and M2 be two T -modules, flat over O and such that there exists a T -equivariant
perfect pairing
[·, ·] : M1 ×M2 → O
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Then we have the following.
Proposition 1. With A as above, the perfect pairing [·, ·] : M1 ×M2 → O induces a perfect
A-bilinear pairing
[·, ·]A : CA0 (M1)× CA0 (M2)→ K/O
in particular, we have FittO(C
λ
0 (M1)) = FittO(C
λ
0 (M2)). Moreover, if λ is as above and if the
modules M1λ , M
2
λ are rank 1 over O with respective basis δ1, δ2, then
Cλ0 (M
1) ∼= Cλ0 (M2) ∼= O/([δ1, δ2]).
Proof. For any O-submodule L1 ⊂M1, resp. L2 ⊂M2, let L∗1 = {x ∈M2K ; [L1, x] ⊂ O}, resp.
L∗2 = {x ∈M1K ; [x,L2] ⊂ O}. If we have two submodules L1 ⊂ Λ1 ⊂M1, we see immediately
that the pairing [·, ·] induces a perfect pairing
Λ1/L1 × L∗1/Λ∗1 → K/O
It is therefore enough to prove that (a)M1,∗A =M
2,A+ eBM
2
K and (b)M
1,A,∗ =M2A+ eBM
2
K .
Let us prove (a). For the inclusion M2,A+ eBM
2
K ⊂M1,∗A , note first that eBM2K is orthogonal
to eAM
1
K since eAeB = 0; for m1 ∈ M1A and m2 ∈ M2, we have [m1, eAm2] = [eAm1,m2] =
[m1,m2] ∈ O; Conversely, let eAm2 ∈ M2K and assume that [M1A,m2] ⊂ O. Since M1A is an
O-direct factor in M1, the linear form [·,m2] extends to M1. It can be therefore represented
as [., t] for some t ∈ M2. This shows that m2 − t ∈ eBM2K by orthogonality. Decomposing
t = eAt+ eBt, we see that m2 ∈ eAM2 + eBM2K as desired. The proof of (b) is similar.
We now prove the last assertion. We consider the map from M1,λ → O defined by m 7→
[m, δ2]. From the discussion above, it is surjective since M
1,λ identifies to the O-dual of M2λ
via the map m 7→ (m′ 7→ [m,m′]). Since M1,λ and M1λ are both O-modules of rank 1, this
map is therefore injective and induces the isomorphism
Cλ0 (M
1) =M1,λ/M1λ
∼= O/ψ(M1λ) = O/([δ1, δ2]).

Corollary 3. Assume that T is Gorenstein. If λ∨ := ξ(λ) ∈ T where ξ is the isomorphism
HomO(T,O)∼=T , then we have
ηλ = (λ(λ
∨))
Proof. It is a direct consequence of the last assertion of the previous proposition using the
perfect O-pairing T ⊗ T → O given by the T -linear isomorphism T ∼= HomO(T,O). 
2.2. Congruence modules for base change. We assume that T and T ′ are finite flat O-
algebras with TK and T
′
K semisimple as in section 2.1 and that we have an homomorphism
θ : T ′ → T such that T ′K → TK is surjective. We denote by T ♯K the semi-simple sub-algebra of
T ′K such that T
′
K
∼= TK ×T ♯K , the first projection being given by θ. We fix λ : T → O inducing
λ′ : T ′ → O via θ. When we are in such a situation, for any T ′-module M flat over O, we put
Cλ,♯0 (M) := (M
T ♯)⊗λ′ O ∼= (M/MT )⊗λ′ O =Mλ′/(MT )λ
and we denote by η♯λ(M) its Fitting ideal. If M = T
′, we have
MT = cθ := Ker(T
′ → T ♯) = AnnT ′(Ker θ)
and therefore
Cλ,♯0 (T
′) = T ♯ ⊗T ′,λ′ O = Cθ0 (T ′)⊗T ′,λ′ O = O/λ(cθ)
and
η♯λ := η
♯
λ(T
′) = λ(cθ).
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We have the following lemma:
Lemma 1. Let M be a T ′-module flat over O. Then
ηλ′(M) = ηλ(MT ).η
♯
λ(M)
Proof. It follows from the definition that (MT )λ =Mλ′ , we therefore have the following exact
sequence:
0→ (MT )
λ
(MT )λ
→ M
λ′
Mλ′
→ M
λ′
(MT )λ
→ 0
The claim then follows from the additivity property of Fitting ideals. 
Corollary 4. We have the divisibility
ηλ′ ⊃ ηλ.η♯λ
If moreover T and T ′ are Gorenstein and if θ is surjective (Hida’s formalism), then we have
ηλ′ = ηλ.η
♯
λ
Proof. We apply the previous lemma for M = T ′ and notice that ηλ(MT ) ⊃ ηλ from (3).
Let’s now prove the second assertion which was also proved by Hida in a slightly different way
([H88, Theorem 6.6] or [HT17, Section 8.3]). From the short exact sequence
0→ Ker θ → T ′ → T → 0
By applying the functor Hom(·,O), we get by using the Gorenstein-ness of T ′ and T , the short
exact sequence of T ′-modules
(4) 0→ T → T ′ → HomO(Ker θ,O)→ 0
Observe that MT = T
′ ∩ TK = {x ∈ T ′;xT ♯K = 0}. Hence, if we let ξ : T ′ ∼= HomO(T ′,O), we
have
MT = {x ∈ T ′; ξ(x)|Ker θ = 0}.
Therefore, the exact sequence (4) provides the T -linear isomorphism MT ∼= T and therefore
ηλ(MT ) = ηλ which implies the claim from the previous lemma. 
The following proposition will be useful.
Proposition 2. Let M be a T ′-module which is finite over O and such that MK is of rank
one over T ′K and let Φ ∈M∗ = HomO(M,O) such that Ker(Φ⊗ idK) ⊃M ♯K . For all δ ∈Mλ′ ,
we have:
Φ(δ) ∈ η♯λ(M∗)
Note that that we don’t assume that M is torsion free over O as this is automatic for its
O-linear dual N =M∗.
Proof. To lighten the notations, let us put N := M∗. We consider the following commutative
diagram
N → NT → Nλ′ ∼= O
↓ ↓ ↓ ↓
NT
♯ → NT /NT → Nλ′/(NT )λ ∼= O/η♯λ(N)
where the left bottom arrow comes from the isomorphism NT /NT ∼= NT ♯/NT ♯ . Note that
Nλ
′ ∼= O, hence Cλ,♯0 (N) = Nλ
′
/NλT is O-cyclic. The composition
NT
♯ → NT /NT → Cλ,♯0 (N) = O/η♯λ(N)
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yields an O-linear homomorphism NT ♯ → O/η♯λ(N) which lifts to an O-linear form NT
♯ → O.
Note that NTK = (M
♯
K)
⊥, hence by assumption, Φ ∈ N ∩NTK = NT . In other words, the image
of Φ in NT /NT is zero. It is therefore a fortiori zero in N
λ′/NλT
∼= O/η♯λ(N).
Now, since δ ∈Mλ′ , it defines a surjective O-linear formN → O by δ∨ : φ 7→ φ(δ) factorizing
through N ։ Nλ
′
. We conclude that Φ(δ) = δ∨(Φ) ∈ η♯λ(N). 
2.3. The congruence module C1. We keep the hypothesis and notations as before except
that we only require the algebra T to be finite over O and that TK is semi-simple. Let
λ : T → O a surjective O-algebra homomorphism. We define Cλ0 (T ) as Cλ0 (T˜ ), for the image
T˜ of T into TK . We write ℘λ := Ker(λ). Then ηλ = λ(AnnT (℘λ)). Recall that one defines
Cλ1 (T ) := ℘λ/℘
2
λ
∼= ΩT/O ⊗T,λ O
Proposition 3. (Wiles, Lenstra) Let T and λ as above, then
ηλ ⊃ FittO(Cλ1 (T )).
Moreover if T is a local O-algebra, then it is local complete intersection if and only if the above
inclusion is an equality.
Proof. We explain the inclusion which is easy. Notice that ℘˜λ = Ker(T˜
λ→ O) ⊂ cT˜ and that
it is a faithful cT˜ -module. We therefore have
FittO(
cT˜ /℘˜λ) ⊃ FittO(℘˜λ ⊗ (cT˜ /℘˜λ)) = FittO(Cλ1 (T˜ )) ⊃ FittO(Cλ1 (T ))
by [MW84, Appendix]. We observe that the left hand side is equal to ηλ because of the
isomorphism cT˜ /℘λ ∼= O/ηλ. The second assertion is more difficult and is due to Wiles2 in
[Wi95] since the equality we assume implies the equality FittO(C
λ
1 (T )) = FittO(C
λ
1 (T˜ )) = ηλ;
so T˜ = T and is complete intersection. 
We put δλ := FittO(C
λ
1 (T ))η
−1
λ and call this ideal the Wiles defect of T with respect to λ.
From the proposition above, it measures how far T is from being complete intersection. We
have the following proposition.
Proposition 4. We keep the same hypothesis as above and assume furthermore that T has a
presentation of the form
T ∼= O[[x1, . . . , xg]]/(f0, f1, . . . , fg)
with f0, f1, . . . , fg ∈ O[[x1, . . . , xg]]. Then,
δλ = FittO(H1(LT/O ⊗T,λ O))
where LT/O stands for the cotangent complex of T over O.
We first establish the following lemma.
Lemma 2. We keep the hypothesis of the proposition. Then we have an isomorphism
T ∼= T0/(f)
where T0 is a O-finite flat local complete intersection and f ∈ T0.
2Wiles assumes T is Gorenstein but this hypothesis has been removed by Lenstra.
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Proof. Let us consider R := O[[x1, . . . , xg]] as an S := O[[y0, . . . , yg]]-algebra via the morphism
ϕ sending yi to fi for i ∈ {0, . . . , g}. Let IS = (y0, . . . , yg) and IR = (f0, . . . , fg) = ϕ(IS).
For any ideal J of a ring A and an A-module M , we denote by depthJ(M) the J-depth of M
(Recall that it is the maximal length of M -regular sequences in J). Because R is regular, we
have
depthIS(R) = depthIR(R) = dimR− dimR/IR = 1 + g − 1 = g.
Therefore we deduce that there exist y′1, . . . , y
′
g ∈ IS such that y′1, . . . , y′g are R-regular. More-
over, we may assume that they are not divisible by ̟ and that their image in IS/(̟, I
2
S)
is a part of a O/̟O-basis of this quotient. Therefore the y′1, . . . , y′g can be completed into
a system of generators y′0, . . . , y
′
g for IS . Let f
′
i be the image of y
′
i in R. Then we have
T0 := R/(f
′
1, . . . , f
′
g) is complete intersection since the y
′
1, . . . , y
′
g form a R-regular sequence
and T = T0/(f) with f the image of y
′
0 in R0. Since we do not know a reference for the fact
that we can choose the y′i as claimed above, we now give a proof of this fact by induction on
the number g of variables.
Since R is flat over O, we deduce that depthmS (R) = g+1 where mS is the maximal ideal of
S. By the Auslander-Buchsbaum formula, we therefore have pdS(R) = dimS−depthmS (R) =
g + 2 − (g + 1) = 1 where pdS stands for the S-projective dimension. Equivalently, we have
an exact sequence
0→ Sn → Sm → R→ 0
Therefore, by induction on g, it is sufficient to show that we can find an R-regular element
in IS\I2S + ̟IS . Indeed if x ∈ IS I2S +̟IS is R-regular, TorS1 (R,S/xS) = 0 and therefore
0 → (S/xS)n → (S/xS)m → R/xR → 0 is exact and therefore pdS/xS(R/xR) = 1. So, we
can conclude by the induction hypothesis applied to the rings S/xS and R/xR since S/xS is
regular by our choice of x.
The R-regular elements are those which are not contained in any prime ideals of AssS(R) =
{P1, . . . , Pq} which is the finite set of associate ideals of the finite S-module R. Since g ≥ 1,
we know that IS is not contained in ∪qj=1Pj and we therefore need to show that IS\I2S +̟IS
is not contained in ∪qj=1Pj .
Let us assume by contradiction that IS\I2S +̟IS ⊂ ∪qj=1Pj and choose x ∈ IS\I2S +̟IS .
Now take z ∈ I2S+̟IS, then for any positive integer n, we have x+zn ∈ IS\I2S+̟IS ⊂ ∪qj=1Pj .
Therefore there exists j0 such that x+ z
n ∈ Pj0 for infinitely many n > 0. This implies that
zn(1−zm) ∈ Pj0 for two positive integers n and m. But 1−zm is invertible because z belongs
to the maximal ideal of S. Since Pj0 is a prime ideal, this forces z to be in Pj0 ⊂ ∪qj=1Pj . We
have therefore proved that I2S+̟IS ⊂ ∪qj=1Pj and thus IS ⊂ ∪qj=1Pj which is a contradiction
since we have noticed before that IS contains at least one R-regular element.

We now return to the proof of the proposition 4.
Proof. Since T0 is complete intersection it is in particular Gorenstein. Using the invariant
pairing on T0, we see that
HomO(T,O) = HomO(T0/(f),O) ∼= Ker(T0 ×f→ T0) = AnnT0(f)(5)
We consider the base change situation λ0 : T0 → T˜ λ→ O (recall that T˜ = T/(O− tors). As in
the proof of Lemma 1, we have
0→ (AnnT0(f))
λ
(T0)λ
→ (T0)
λ
(T0)λ
→ (T0)
λ
AnnT0(f))
λ
→ 0
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and therefore
(6) ηλ0(T0) = ηλ(AnnT0(f)) · λ(AnnT0(f)) = ηλ · λ(AnnT0(f))
since ηλ(T˜ ) = ηλ(AnnT0(f)) from (5) and Proposition 1.
For any ring A and B an A-algebra, we denote by LB/A the cotangent complex of B over
A. The triangle associated to O → T0 → T , gives
LT0/O ⊗λ0,T0 O → LT/O ⊗λ,T O → LT/T0 ⊗λ,T O → LT0/O ⊗λ0,T0 O[1]
providing the long exact sequence
H1(LT0/O ⊗λ0,T0 O)→ H1(LT/O ⊗λ,T O)→
→ (f)/(f2)⊗T0,λ0 O → ΩT0/O ⊗λ0,T0 O → ΩT/O ⊗λ,T O → 0
Since T0 is local complete intersection T0 ∼= O[[x1 . . . , xg]]/(f1, . . . , fg) where (f1, . . . , fg) is
a regular sequence generating an ideal I and LT0/O is quasi-isomorphic to the perfect com-
plex [I/I2 → ΩO[[x1...,xg]]/O] with I/I2 is placed in degree −1. In particular, one sees that
H1(LT0/O ⊗λ0,T0 O) is the kernel of the canonical map
I/I2 ⊗λ0,T0 O → ΩO[[x1...,xg]]/O ⊗O
which is injective since we know that the source and targe are free O-module of rank g and
that its cokernel is Cλ01 (T0) which is O-torsion. We deduce that we have the exact sequence:
0→ H1(LT/O ⊗λ,T O)→ (f)/(f2)⊗T0,λ0 O → ΩT0/O ⊗λ0,T0 O → ΩT/O ⊗λ,T O → 0
Since (f)/(f2) ∼= T0/AnnT0(f), we deduce that FittO((f)/(f2)⊗T0,λ0 O) = λ(AnnT0(f)). and
therefore
FittO C
λ
1 (T ) · λ(AnnT0(f)) = FittO Cλ01 (T0) · FittO H1(LT/O ⊗λ,T O)(7)
Since T0 is local complete intersection, by Proposition 3 we know that ηλ0(T0) = FittO C
λ0
1 (T0)
and by combining (7) and (6), our claim follows.

We end this section by the following lemma which provides a definition of the Base Change
congruence module Cλ,♯1 .
Lemma 3. Assume that we have a base change datum T ′
θ→ T λ→ O as in section 2.2 such that
T is local complete intersection. With λ′ = λ ◦ θ, we have the following short exact sequence
0→ Ker θ ⊗λ′,T ′ O → Cλ′1 (T ′)→ Cλ1 (T )→ 0.
in particular, if we put Cλ,♯1 = Ker θ ⊗λ′ O, we have
FittO(C
λ′
1 (T
′)) = FittO(C
λ
1 (T )) · FittO(Cλ,♯1 )
Proof. We have the triangle
LT ′/O ⊗λ′,T ′ O → LT/O ⊗λ,T O → LT/T ′ ⊗λ,T O → LT ′/O ⊗λ′,T ′ O[1](8)
Because T is complete intersection, we have as in the previous proof H1(LT/O ⊗λ,T O) = 0,
therefore taking the cohomology of the triangle (8), we have the short exact sequence
0→ Ker θ
(Ker θ)2
⊗λ′,T ′ O → Cλ′1 (T ′)→ Cλ1 (T )→ 0
Since Ker θ
(Ker θ)2
⊗λ′,T ′ O = Ker θ ⊗λ′,T ′ O, our claim follows. 
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3. Congruence numbers associated to classical cuspforms
The purpose of this section is to recall some well-known facts about the congruence numbers
associated to cuspidal eigenforms as a pretext to fix some notations. Let us fix an odd prime
p and an isomorphism ιp : C ∼= Qp so that every complex number can be considered as an
element of Qp via this isomorphism. If A is an ideal of a finite extension of Zp and B is an
element of Qp, we will write A ∼ B if a generator of A has same p–adic valuation as B. If A
and B are two complex numbers then A ∼ B will mean that either both are zero or that their
quotient is a p-adic unit.
Let f be a primitive cuspidal eigenform of weight k ≥ 2 and level N with trivial Nebentypus3
with Fourier expansion
f(z) =
∞∑
n=1
anq
n with q = e2iπz
for all z in the Poincaré upper half-plane h. Throughout this work, we assume that p > k− 2
and that N is prime to p. Let K ⊂ Qp be a p-adic field containing the Hecke eigenvalues
of f . We denote by O its valuation ring with uniformizer parameter ̟ and residue field
F = O/̟O. Let hk(N ;O) be the O-algebra generated by the Hecke operators outside N
acting on the space of cusp forms of weight k for Γ0(N). Let m be the maximal ideal of
hk(N ;O) associated to the eigensystem λf : hk(N ;O) → O of f modulo ̟ and denote by T
the localization of hk(N ;O) at m. We have therefore have a homomorphism λf : T→ O.
Manin has defined periods Ω±f ∈ C×/O× associated to f . We now recall their definitions.
Let Vk be the local system over the modular curve Y0(N)(C) associated to the representation
of Γ0(N) on the O-module of homogeneous polynomials of degree k− 2 in two variables X,Y ,
for the action (γ · P )(X,Y ) = P ((X,Y ) · tγ−1). Let H be the torsion-free quotient of the
interior Betti cohomology H1!,B(Y0(N),Vk(O)) of the local system Vk over the modular curve
Y0(N)(C). By the Eichler-Shimura isomorphism, the λf -isotypic submodule H[λf ] of H is free
of rank 2 over O. Since p is odd, the complex conjugation acting on the pair (Y0(N)(C),Vk)
provides a decomposition H = H+ ⊕ H−; the intersection H[λf ]± of H± with H[λf ] is a
free O-module of rank one. Let δ±f be an O-basis of this module. Let f c = f(−z) The
cuspforms f and f c provide two de Rham cohomology classes ωf = f(z)(X − zY )k−2dz and
ωfc = f c(z)(X − zY )k−2dz, both in H[λf ]⊗O C. Let
ω±f =
1
2
· (ωf ± ωfc).
Since ω±f ∈ H[λf ]± ⊗O C, there exists a unique Ω±f ∈ C×/O× such that ω±f = Ω±f · δ±f . These
complex number are called the Manin periods of f . They correspond to the Deligne periods
of the dual of the motif Mf associated to f .
We now recall the definition of the Hecke congruence number ηf . We have a splitting over
K: T⊗OK = K ×TcK where the first projection is given by λf and TcK is a finite K-algebra.
Let T× = (T → TcK) be the image of T by the second projection. We have an injective
3This hypothesis on the nebentypus could be relaxed after establishing a slight generalization of Cornut-
Vatsal results. If one does not want to do that, we could at least easily extend our results if the nebentypus is
a square. Indeed, there is an easy relation between the Manin periods of a modular form and the ones of its
twist by a Dirichlet character.
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O-algebra hohomorphism T →֒ O ⊗ Tc. We denote by 1O = (1, 0) and 1Tc = (0, 1) the
idempotents associated to the cartesian product on the right-hand side. Let
C0(f) := C
λf
0 (T) = (O × Tc)/T = O ⊗T Tc
be the Hecke congruence module. By its second description, it is an O-algebra which is a
quotient of O (and of Tc). We define the "Hecke" congruence number ηf (defined up to
multiplication by an element of O×) as a generator of the ideal of O given by T∩(O × {0}).
It is also the denominator of 1O in T. We have
C0(f) = O/ηf .
We can also define the cohomological congruence module associated to M = H±m (or, equiva-
lently, to H±). We put
MO = 1O ·H±m andMO = H±m ∩ 1O ·H±m [
1
p
] = H±m [λf ].
These O-modules are free of rank 1 and δ±f is a basis of MO. Form the Hecke-equivariant
perfect duality4 between H+m andH
−
m , we know from Proposition 1 that the resulting congruence
modules is independant of the sign ± and we put
Ccoh0 (f) := C
λf
0 (M) =M
O/MO ∼= O/ηcohf
with ηcohf = [δ
+
f , δ
−
f ] where [·, ·] stands for the Poincaré duality pairing twisted by the Atkin-
Lehner involution. It is called the "cohomological" congruence number associated to f (well
defined up to an element of O×). Of course, if H±m is free over T, we have
ηcohf = ηf .
This congruence number can be computed in terms of the Adjoint L-function associated to f .
Before introducing it and stating the main result due to Hida, we recall some useful conditions
attached to the p-adic Galois representations associated with f .
For any number field E ⊂ Q, we put ΓE = Gal(Q/E) for the absolute Galois group of E
and denote by ρf : ΓQ → GL2(O) the p-adic Galois representation associated to f by Eichler-
Shimura and Deligne and by ρf : ΓQ → GL2(F) its reduction modulo ̟. We will consider the
following hypothesis:
(IrrE) The restriction of ρf to ΓE is absolutely irreducible
For E = Q, we will just write (Irr). Recall [Wi95, Theorem 2.1] that under (Irr) and p > k,
the module Hm is free over the localized Hecke algebra T and therefore that T is Gorenstein.
The following condition will be also considered:
(MinE) ρf |ΓE is a minimal deformation lift of ρf |ΓE in the sense of [Fu06, Definition 3.3] (it is
called there finite, instead of minimal).
Again we will just write (Min) if E = Q. The condition (Min) is the conjunction of
conditions of minimality at each prime ℓ dividing N . For instance, if ordℓ(N) = 1, the
condition of minimality at ℓ is that ρf |Iℓ 6= 1. If ordℓ(N) > 1 and if the reduction modulo p
induces an isomorphism ρf (Iℓ) ∼= ρf (Iℓ), minimality at ℓ holds.
Remark 1. It might be worth remarking that this minimality condition is not absolutely
necessary for our results, thanks to Ihara’s lemma which holds in the situation we will consider.
We will nevertheless assume it for simplicity.
4This is recalled in section 4.3.
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The following assumptions will be in force throughout the paper as it will be used to apply
a result of Cornut-Vatsal and its generalization by Chida-Hsieh.
(CV) There exists a prime ℓ such that the restriction of ρf |GQℓ to a decomposition subgroup
at ℓ is indecomposable.
For example, the condition (CV) holds if there is a prime ℓ such that ordℓ(N) = 1 and (Min)
holds at ℓ.
Let Ad(ρf ) ⊂ ρ∨f ⊗ ρf be the adjoint representation of ρf acting on the space of trace zero
endomorphisms. For any Dirichlet character χ, we consider L(Ad f ⊗χ, s) be the imprimitive
adjoint L-function defined as follows.
L(Ad f ⊗ χ, s) :=
∏
ℓ 6|N
det(Id−Ad(ρf )(Frobℓ)χ(ℓ))ℓ−s)−1 ×
×
∏
ℓ|N
{
(1− χ(ℓ)ℓ−s)−1 if f is Principal Series at ℓ
(1− χ(ℓ)ℓ−s−1)−1 if f is Special at ℓ
where Frobℓ stands for a geometric Frobenius at ℓ. When χ is trivial, we just write L(Ad(f), s).
Let φ(N) := #(Z/NZ)×, the following theorem links the congruence numbers we have defined
above to the special value of L(Ad f, s) at s = 1.
Theorem 5. a) For p a prime not dividing 6Nφ(N) such that p > k − 2, we have
L(Ad f, 1)
πk+1Ω+f Ω
−
f
∼ ηcohf
b)If moreover (Irr) and p > k hold, then we have
L(Ad f, 1)
πk+1Ω+f Ω
−
f
∼ ηf .
Proof. a) is due to Hida (see [H81] and [H88]) and follows from the computation of [δ+f , δ
−
f ] =
[ω+f ,ω
−
f ]
Ω+f Ω
−
f
in terms of the Petersson norm of f which is closely related to the Adjoint L-value at
1 by a result due to Shimura. We refer to Hida’s papers for the precise computations. For b),
under these hypothesis, it is known from [Wi95] using an argument essentially due to Mazur
that Hm is free over T and therefore ηf = η
coh
f , so the result follows from a). 
4. The case of totally real fields
4.1. Definition of periods and the integral period relation conjecture. Let F be a
totally real field of degree d, OF its ring of integers and IF = Homalg(F,Q) be the set of
embeddings of F . Let t =
∑
σ σ ∈ Z[IF ]. Let ÔF = OF ⊗ Ẑ, Ff = ÔF ⊗ Q, F∞ = F ⊗ R,
and AF = Ff × F∞ be the ring of adèles of F . Let h be the upper-half plane. The group
GL+2 (F∞) of matrices with totally positive determinant acts transitively on h
IF and we have
GL+2 (F∞)/F
×
∞ SO2(F∞)
∼= hIF via g 7→ g(i) where i = (√−1, . . . ,√−1). Let k ≥ 2 and n an
ideal of OF such that (N) = Z ∩ n. Let
U0(n) = {
(
a b
c d
)
∈ GL2(ÔF ); c ≡ 0 (mod n)}
For any subset I ⊂ IF , let SFk (I, n) be the space of adelic Hilbert cuspforms of weight k
and level U0(n) which are holomorphic with respect to the variables zτ ∈ h, τ ∈ I and
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antiholomorphic with respect to the variables zτ for τ /∈ I. We simply write SFk (n) for
SFk (IF , n). Let f ∈ SFk (n) be a cuspidal newform. Let K be a finite extension of Qp containing
the Galois closure of F and the Hecke eigenvalues of f . Let O be its valuation ring.
We assume n ∩ Z = NZ and N > 3. We consider the neat subgroup
U1(n) = {
(
a b
c d
)
; c ≡ 0 (mod n), d ≡ 1 (mod n)}
Let φF (n) = (U0(n) : U1(n)) = Card(OF /n)× =
∏
λ|N (N(λ) − 1). We assume that p is prime
to φF (n). Let
XF = GL2(F )\GL2(AF )/U0(n)F×∞SO2(F∞)
be the Hilbert modular orbifold of level U0(n) and
YF = GL2(F )\GL2(AF )/U1(n)F×∞SO2(F∞)
be the Hilbert modular variety of level U1(n). Let VFk the locally constant sheaf in O-modules
on YF associated to the module
⊗
τ∈IF
O[Xτ , Yτ ]n where O[Xτ , Yτ ]n denotes the GL2(OF )-
module of homogeneous polynomials of degree n = k − 2 in two variables. We can put
Hd(XF ,VFk ) = H0(U0(n)/U1(n),Hd(YF ,VFk (O))).
This is understood in all the definitions below.
We have the Hecke-equivariant Harder-Matsushima-Shimura isomorphism⊕
I⊂IF
SFk (I, n; v) →֒ Hdcusp(XF ,VFk )⊗O C
given for each subset I ⊂ IF by
fI 7→ ω(fI) := fI(z)(XI − zIYI)nI · (XI − zIYI)nIdzI ∧ dzI
where (XI − zIYI)nI =
∏
τ∈I(Xτ − zτYτ )n and (XI − zIYI)nI =
∏
τ /∈I(Xτ − zτYτ )n. The
Weyl group WF = {±1}IF acts on hIF as follows: let wI whose τ -component is −1 for τ ∈ I
and +1 for τ /∈ I, then wI · (zτ ) = (z′τ ) where z′τ = −zτ for τ ∈ I, resp. z′τ = zτ for
τ /∈ I. This action extends to an action on (XF ,VFk (O)) given on a section s of Vk(O) by
w • s = w ·w∗s. Let us write for short H·(F ) = H·(XF ,Vk(O)), H·c(F ) = H·c(XF ,VFk (O)) and
H·!(F ) = (H
·
c(XF ,VFk ))→ H·(XF ,VFk ))). For ǫ ∈ ŴF , let Hǫ! (F ) be the ǫ-eigenspace of Hd! (F ).
We have
Hd! (F ) =
⊕
ǫ∈ŴF
Hǫ! (F )
Let hFk = h
F
k (U0(n),O) be the Hecke algebra acting on Hd! (F ). By the injectivity of the
Harder-Matsushima-Shimura isomorphism, we have an homomorphism λf : h
F
k → O giving
the system of Hecke eigenvalues for our cuspidal newform f . We denote by mF = Kerλf be
the maximal ideal of hFk where λf denotes the reduction of λf modulo the uniformizer of O.
It will always be assumed that
• (NE) mF is non Eisenstein, and
• mF is n-new (that is, only n-new Hecke eigensystems occur in TF .
Note that if f = fF , the first condition is satisfied if and only if ρf |GF is absolutely ir-
reducible, while the second condition follows from the n-minimality condition of f , which
will be assumed throughout this paper. Let TF denote the mF -adic completion of h
F
k . Let
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Hd! (F )[λf ], resp. H
ǫ
! (F )[λf ] be the λf -isotypic part of the O-module Hd! (F ) resp. Hǫ! (F ). From
the description of the cuspidal cohomology, it follows that
Hd! (F )mF [p
−1] ∼= (TF [p−1])2d
In particular, Hǫ! (F )[λf ] is of rank 2
d over O and for each ǫ ∈ ŴF , Hǫ! (F )[λf ] is a rank one
O-module. Let f ∈ SFk (∅, n; v) and ωǫ(f) = 2−d ·
∑
w∈WF
ǫ(w) · w∗ω(f). We see that ωǫ(f)
belongs to the ǫ component of HddR(XF ,Vk(C)). Hence by de Rham comparison theorem it can
be viewed in Hǫ! (F ) ⊗O C. More precisely, For each ǫ ∈ ŴF , it follows from our assumptions
that Hǫ! (F )[λf ] is a rank one O-module. Let δǫf be an O-basis of this module up to torsion.
As ωǫ(f) belongs to Hǫ! (F )[λf ]⊗O C, we can make the following definition.
Definition 1. For each ǫ ∈ ŴF , the ǫ-period Ωǫf ∈ C×/O× of f is defined as the unique
element such that
ωǫ(f) = Ωǫf · δǫf .
Let f = fF be a base change from the new form f ∈ Sk(Γ0(N)) with the notations of the
previous section. We also denote by φF (N) := #(OF /NOF )
×. We can now state the integral
period relations conjecture:
Conjecture 2. Assume p is prime to the discriminant of F and to 6NφF (N), then:
ΩǫfF ∼ (Ω+f )d
+
(Ω−f )
d− .
This conjecture follows easily from the general Deligne definition of periods if the relation
is up to an algebraic number. We will prove some cases of this conjecture for totally real fields
which are Galois over Q of degree a power 2 when d+ = d−. The main arguments are similar
to the case F is real quadratic over Q. However, except in the quadratic case, we do not know
how to prove such a relation when d+ 6= d− even up to an algebraic integer.
4.2. Main Results in the real quadratic case. In this section, F is a real quadratic field of
discriminant D. We call α the corresponding quadratic Dirichlet character. Let f ∈ Sk(Γ0(N))
be a classical cusp newform of level N with trivial nebentypus and weight k ≥ 2 and p be a
prime as in the set-up of Section 3.
Theorem 6. Assume (CV) hold and that p does not divide 6NDφF (N), p > k. Then, we
have the integral period relation for any ǫ ∈ ŴF such that ǫ(−1,−1) = −1,
ΩǫfF ∼ Ω+f Ω−f .
Proof. This is a direct consequence of Propositions 10 and 11 that are proved in section 4.6. 
The proof of the previous Theorem goes through the study of the base change congruence
number
η♯f := η
♯
λf
(TF )
with the notation of the section 2.2 for the the base change homomrphism TF → T. The
following theorem is a consequence of the previous one.
Theorem 7. Assume (CV) and that p does not divide 6NDφF (N), p > k, that TF is Goren-
stein, and Hǫm is free over TF then for any ǫ ∈ ŴF such that ǫ(−1,−1) = −1, we have
η♯f ∼ L∗(Ad f ⊗ α, 1) :=
Γ(Ad(f)⊗ α, 1)L(Ad(f)⊗ α, 1)
Ω+f Ω
−
f
In particular, if p divides L∗(Ad f ⊗ α), there is a congruence between fF and a non base
change Hilbert cuspform.
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Proof. Note first that from our assumption, we have ηfF = ηfF (H
ǫ
m) and η
♯
f = η
♯
f (H
ǫ
m). From
Proposition 7 and the previous Theorem, we therefore have divisibility
(9) η♯F |
Γ(Ad(f)⊗ α, 1)L(Ad(f) ⊗ α, 1).
Ω+f Ω
−
f
From the previous Theorem and ηfF = ηfF (H
ǫ
m), we also have
ηfF =
Γ(Ad(fF ), 1)L(Ad(fF ), 1)
ΩǫfFΩ
−ǫ
fF
∼ Γ(Ad(f), 1)L(Ad(f), 1)
Ω+f Ω
−
f
· Γ(Ad(f)⊗ α, 1)L(Ad(f)⊗ α)
Ω+f Ω
−
f
Moreover, since TF is Gorenstein, one can apply Corollary 4. Therefore, we deduce from (9)
ηfF = ηf · η♯f |
Γ(Ad(f), 1)L(Ad(f), 1)
Ω+f Ω
−
f
· Γ(Ad(f)⊗ α, 1)L(Ad(f)⊗ α)
Ω+f Ω
−
f
On the other hand, from Theorem 5 we know that
ηf ∼ Γ(Ad(f), 1)L(Ad(f), 1)
Ω+f Ω
−
f
We deduce from the previous list of equivalences that all the divisibilities are equivalences,
which implies our claim. 
Remark 2. Actually, by following the proof given later in the imaginary quadratic case, we
can prove this theorem without assuming the freeness of the cohomology over TF nor the
Gorenstein-ness of TF , if we replace η
♯
f by η
♯
λ(H
ǫ
m) in the left hand side. In particular, the last
assertion is true without these assumptions. However, since the proof above is slightly simpler
assuming TF is Gorenstein, we wanted to mention it too. In particular because the congru-
ence number factorization (Corollary 4) was our original inspiration. Notice also that these
hypothesis are satisfied under reasonable assumptions (see Theorem 8 of the next subsection).
We now record some consequences towards the Bloch-Kato conjecture for Ad(ρf )⊗α. Let’s
recall the definition of the Selmer group first. For a number field E we put
SelE(Ad(f)⊗ χ) := Ker
(
H1(E,W )→
⊕
v
H1(Ev ,W )/Lv)
)
where Wf,χ = Ad(ρf ) ⊗ K/O(χ) and for each finite place v, Ev is the completion of E at v
and Lv is defined as follows
Lv :=
{
H1br(Ev ,Wf,χ) if v 6 |p
H1f (Ev,Wf,χ) if v|p and p > k
where the subscripts br, f stand respectively for the local conditions at v called Good Reduc-
tion, finite as defined by Bloch-Kato. We refer to the paper of Wiles [Wi95] for the precise
definitions.
Corollary 5. We assume (CV), (IrrF ), (MinF ), p > k and p does not divide 6NDφF (N),
then we have:
L∗(Ad f ⊗ α) ∼ char Sel(Ad f ⊗ α).
Proof. Under our assumptions, we have R = T for f and RF = TF for fF (for Fontaine-
Laffaille or Ordinary deformation rings). Then we can rewrite the congruence numbers in
terms of O-Fitting ideals of Selmer groups
ηf ∼ char Sel(Ad f) ηfF = char Sel(Ad fF )
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hence by multiplicativity (Hida’s formalism) η♯f = char Sel(Ad f ⊗ α). So the results follows
from the previous Theorem. 
In particular for a semi-stable elliptic curve, we have the following
Corollary 6. If E/Q is a semistable elliptic curve of conductor NE and p a prime of good
reduction not dividing 6φF (NE) and for which the Galois representation E[p] is irreducible
over F ′. Assume that the conductor of E[p] over Q is equal to NE, then we have
charE,α ∼ Γ(Ad(E)⊗ α)L
∗(Ad(E)⊗ α)
Ω+EΩ
−
E
where Ω+E,Ω
−
E are the Néron differentials associated to E.
Proof. By our hypothesis on E, the conditions of the previous corollary are satisfied for the
weight 2 cusp form of level NE , f associated to E. It follows from the previous corollary after
remarking that for a Weil curve E and a prime p > 2 such that E[p] is absolutely irreducible,
the Manin periods Ω±f coincide with the Neron periods Ω
±
E up to a p-adic unit (see for instance
[GV00, Section3]). 
Finally, let us assume that f is ordinary. We give an application to the Iwasawa theory of
Ad(f)⊗ α. Let
SelQ∞(Adf ⊗α) := lim→
E⊂Q∞
SelE(Adf ⊗α)
whereQ∞ is the Zp-cyclotomic extnsion ofQ. This is a torsion Λ-module with Λ := O[[Gal(Q∞/Q]].
Recall that for for such f , E. Urban [Ur06] has established one divisibity predicted by the
Iwasawa-Greenberg Main Conjecture for Adf ⊗α.
Lp(Ad(f)⊗ α)| char SelQ∞(Adf ⊗α).
where Lp(Ad(f)⊗α) ∈ Λ is the p-adic L-function interpolating the critical values L∗(Ad(f)⊗
αχ, 1) and χ runs in the finite order character of Gal(Q∞/Q). It follows from Corollary 5 that
equality holds:
Corollary 7. We keep the hypothesis as in Corollary 5 and further asssume that either p
is inert in F or that the L-invariant of f is non zero. Then the Iwasawa-Greenberg Main
Conjecture for Adf ⊗α holds:
Lp(Ad(f)⊗ α) ∼ charΛ SelQ∞(Adf ⊗α).
Proof. The result follows after evaluating the algebraic and analytic p-adic L-function at s = 0
like in [HTU]. When p is split in F , there is a trivial zero and the non-vanishing of the L-
invariant is needed as in [HTU]. On the other hand, in the case p is inert in F , the specialization
on both sides gives the both sides of the equivalence of Corollary 5 which implies our claim. 
The next three subsections are devoted to the study of the assumptions that TF is Goren-
stein and that Hǫm is free over TF occurring in Theorem 7 and to the proofs of Propositions
10 and 11.
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4.3. Freeness of the cohomology and R = T for a totally real field. In this sectiont F is
a general totally real field like in section 4.1 from which we use the notations and assumptions.
We also assume that p does not divide the discriminant D of F . We first consder f a general
Hlbert modular form of parallel weight k and mF the corresponding maximal ideal of the
Hecke algebra hFk . We assume throughout the section that mF is not Eisenstein.
Let j : XF →֒ X∗F be the minimal compactification ofXF and ∂X∗F = X∗F−XF its boundary;
it is 0-dimensional. Let H·∂(F ) = H
·(∂X∗F , i
∗Rj∗VFk ). Let H·mF , respectively H·c,mF , H·!,mF
and H·∂,mF , the completion at mF of H
·(XF ,Vk), respectively H·c(XF ,Vk), . H·!(XF ,Vk) and
H·∂(XF ,Vk). Let us finally put H′!,mF = Hd!,mF /tors.
Proposition 5. We suppose that p is prime to 6NφF (N). Then the following holds.
1) If mF is not Eisenstein, we have H
·
∂,mF
= 0,
2) The Poincaré duality twisted by the Atkin-Lehner involution induces a perfect Hecke-
bilinear pairing
[−,−] : H′!,mF ×H′!,mF → O,
3) If k > 2 and p− 1 > d(k − 1), then we have H·mF = H·!,mF = Hd!,mF and this O-module is
torsion free. Therefore it coincides with H(F )′mF .
4) If k = 2, mF is not Eisenstein and p does not divide φF (N), we have
H·!,mF = H
2
!,mF
and this module is torsion free.
Proof. 1) Since Gal(YF/XF ) is of order prime to p, it is enough to prove thatH
·(∂YF ,Vk(F))mF =
0. Let S be the set of finite places dividing N and letKS = U1(N)S . Let Y˜F = lim←−KS YF (K
S×
KS) be the Shimura tower of level U1(N) at places in S. Let K
S
max be the standard hyper-
special maximal compact subgroup of GS . Note that
Gal(Y˜F /YF ) = K
S
max = Gal(∂Y˜F /∂YF ).
We follow the calculations of p.535 in the proof of [Dim05, Theorem 4.1 (i)]. Let G = GL(2)/F
and B be the standard Borel subgroup of G. Let GS = G(AS,∞F ) and B
S = B(AS,∞F ) . Since
the boundary of the minimal compactification of X˜F is 0-dimensional, the boundary spectral
sequence yields a GS-linear isomorphism
H·∂(Y˜F ,Vk(F)) = H0(∂Y˜F , i∗R·j∗Vk(F))
As in the calculation p.535 of loc.cit., in order to apply [Har93, Sect.2.2.5], we have
∂Y˜F = G
S ×BS {i∞}
LetHS be the abstract spherical Hecke algebra outside S. We have aHS-equivariant Hochschild-
Serre spectral sequence
(∗) Ha(KSmax,H0(∂Y˜F , i∗Rbj∗Vk(F)))⇒ H0(∂YF , i∗Ra+bj∗Vk(F)).
So we need to study the mF -localization of the left hand side of (∗). Let T = Dl ×Dh be the
standard Levi subgroup of B and U its unipotent radical. We have then for each r ≥ 0 an
isomorphism of GS -modules:
H0(∂Y˜F , i
∗Rrj∗Vk(F)) = Ind
GS
BS
⊕
a+b=r
Ha(DSl ,H
b(US , Vk(F)))
As a B-module, Vk(F) admits a decreasing filtration (Fil
j)0≤j≤b where the graded pieces Wj
for 0 ≤ j ≤ b are representations of the Levi quotient T = B/U . Since p is prime to N , we
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write KSmax = Kp ×KSpmax where KSpmax be the standard maximal compact subgroup of GSp,
and we compute the left hand side of (∗) via the Hochschild-Serre spectral sequence
Hc(KSpmax,H
d(Kp,H
0(∂Y˜F , i
∗Rrj∗Vk(F)))⇒ Hc+d(KSmax,H0(∂Y˜F , i∗Rrj∗Vk(F))).
The filtration of Vk(F) is stable by (B ∩Kp)×GSp (for the trivial action of GSp), hence there
is a (T ∩Kp)×GSp-equivariant spectral sequence
Hi(Kp ∩ U,Wj) = Hi(Kp ∩ U,F)⊗F Wj ⇒ Hi+j(Kp ∩ U, Vk(F))
Note that we can’t use the modulo p Kostant theorem to compute exactly Hb(Kp ∩ U, Vk(F))
because we haven’t put restrictions on the weights. However, let us decompose each repre-
sentation Wj as a product of Dl × Dh-modules Wj = W lj ⊗W hj for any j ∈ Ib. Therefore,
Ha(Kp ∩Dl,Hb(Kp ∩U,Vk(F)))) is a (Kp ∩Dh)×GSp-subquotient of sums of modules of the
form
Ha(Kp ∩Dl,W lj)⊗W hj .
Hence Td,r = H
d(Kp,H
0(∂Y˜F , i
∗Rrj∗Vk(F)) is a GSp-subquotient of
Sr,j = Ind
GSp
BSp Ind
Kp
B∩Kp
⊕
a+b=r
Ha(Dl ∩Kp,W lj)⊗W hj .
By the calculation above, Hi(KSpmax, Td,r) is a subquotient of modules of the form
Hi(KSpmax, Sr,j) = H
i(KSpmax, Ind
GSp
BSp χ1 ⊗ χ2)
If λ /∈ S is a degree one prime above, say, ℓ, the action of Tλ = [KSpmax
(
λ 0
0 1
)
KSpmax] on such
a module is of the form ℓχ1(λ) + χ2(λ), hence is Eisenstein. Hence, by irreducibility of ρf |ΓF
and by Chebotarev density theorem, there exists λ of degree one such that Tλ − (ℓχ1(λ) +
χ2(λ)) /∈ mF hence the localization of the terms
Hi(KSpmax, Ind
GSp
BSp χ1 ⊗ χ2)
vanishes. Therefore, the localization H·∂,mF at mF of the boundary cohomology vanishes.
2) After twisting by the Atkin-Lehner involution, the Poincaré pairing on Hd(F )/tors is
still perfect and becomes Hecke-bilinear. Therefore, by 1), its restriction to
Hd(F )mF /tors = H
d
!,mF
/tors = H′!,mF
is still perfect.
3) By [LS13, Theorem 10.1 and Cor.10.2] (see also [Str13]), if k > 2, p prime to NφF (N)
and p − 1 > d(k − 1), we have Hi(F ) = 0 for i < d and Hic(F ) = 0 for i > d. Therefore,
Hi!(F ) = 0 for i 6= d. From this, it follows that H·mF = H·c,mF = H·!,mF = Hd!,mF and also that
Hd−1(XF ,VFk (O/̟O))mF = 0. In particular, HdmF is torsion free.
4) Assume now that k = 2 and F is quadratic. Note first that H0mF = H
4
mF
= 0 since mF is
non Eisenstein. To show that
H·mF = H
2
mF
is torsion free, it is then enough to show that H1(XF ,F)mF = 0 because by duality we have
H3c(XF ,F)mF = 0 and therefore H
3(XF ,F)mF = 0 by the point 1). Form these vanishing, we
conclude easily that H·(XF ,O)mF = H2(XF ,O)mF and is torsion free.
Let YF , resp Y
1
F , be the Hilbert-Shimura variety of adelic level Γ1(N) for GL2(F ), resp.
for G∗ defined in [Dim05, Sect.1.1 and 1.5]. YF → Y 1F is a finite Galois covering with (2, 2)-
Galois group. Moreover XF → YF is a finite Galois covering with Galois group (OF /NOF )×.
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By decomposing the Hilbert-Shimura variety Y 1F as a disjoint union of varieties Γ1(ci, N)\hF
where Γ1(ci, N) ⊂ SL2(OF ) are torsionfree congruence subgroups (see for instance [Dim05,
Section 1.5]), and using the assumption that p does not divide φ(N) and p > 2, we see that
in order to prove that H1(XF ,F)mF = 0, it suffices to prove that Hom(Γ1(ci, N),F)mF = 0.
Since the Congruence Subgroup Problem has a positive answer for OF (see [BMS67] and
[PlR94, Sect.9.5]), by passing to continuous homomorphisms, we can replace Γ1(ci, N) by
its congruence subgroup completion Γ̂1(ci, N), that is, by its closure in SL2(ÔF ). it can be
decomposed as a product
Γ̂1(ci, N) =
∏
λ
Γ̂1(i,Nλ)
with Γ̂1(i,Nλ) = SL2(OF,λ) for λ prime to N , and Γ̂1(i,Nλ) a pro-ℓ-group for λ|ℓ|N (ℓ rational
prime). We see that for λ prime to Np,
Homcont(SL2(OF,λ),F) = 0
and that for λ dividing N and prime to p,
Homcont(Γ̂1(i,Nλ),F) = 0.
For ℓ = p, we find Homcont(Γ̂1(i, p),F) = F× F; therefore
H1(XF ,F) = F× F
with an Eisenstein action of Hecke operators : for any λ prime to Np, Tλ = N(λ) + 1. We
conclude that H1(XF ,F)mF = 0.

Thanks to the previous proposition, we are in position to construct a Taylor-Wiles system
like in the work of Fujiwara [Fu06] or Dimitrov [Dim05]. Note that Dimitrov needed a big
image assumption which is no longer needed to get the same conclusion as our proposition.
Theorem 8. Let p > d(k − 1) + 1. If k = 2, we further assume that F is quadratic. Suppose
that (MinF ) and (IrrF ′) hold, then the module H
d
mF
is free over the localized Hecke algebra TF ,
and this algebra is complete intersection (hence Gorenstein). Moreover, for every character ǫ
of {±1}d, HdmF [ǫ] is free of rank 1 over TF .
Proof. We just give a sketch as the techniques to reach this result are well-known and follow
the same lines as the work of Dimitrov [Dim05] or Fujiwara [Fu06, Th.0.2] with the difference
that Fujiwara considered the Taylor-Wiles system coming from the (localized) quaternionic
cohomology module, associated either to a quaternionic Shimura curve or to a totally definite
quaternion algebra as in [Fu06]. Instead, we use as Dimitrov the Taylor-Wiles system coming
from the (localized) middle degree cohomology of the Hilbert-Blumental modular variety.
If either k > 2 or k = 2 and F quadratic, we therefore introduce as in [GT05, section 11]
and [Fu06, Dim05] a Taylor-Wiles system (Q,HQ, RF,Q,TF,Q) where HQ is a O[∆Q]-finite free
module such that
HQ/IQHQ = H(F )mF
where IQ denotes the augmentation ideal of O[∆Q]. The O[∆Q]-freeness of HQ and the descent
formula follow directly from Statements 2) and 3) of the previous Proposition, The Taylor-
Wiles machinery allows us to conclude that H(F )mF is free over TF , that the N -minimal
p-ordinary (resp. p-crystalline if p 6 |N and k < p) universal deformation ring RF of ρf |ΓF is
canonically isomorphic to TF and that TF is complete intersection. 
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4.4. Adjoint L values for totally real fields and congruence number. Let f be as in
the previous section and let λf be the corresponding character TF → O. Recall that TF acts
faithfully on the finite free O-module H′mF = Hd!,mF /tors and that this module has a perfect
Hecke-equivariant pairing.
For any character ǫ ∈ ŴF := Hom(WF , {±1}), let H(F )ǫmF be the direct factor of H′(F )mF
given by the ǫ-eigenspace. We apply the constructions of Section 2.1 to the TF -modules
M = TF and define the Hecke congruence module
C0(f) := C
λf
0 (TF ) = (O × T′F )/TF = O ⊗TF TOF
be the Hecke congruence module. We define the Hecke congruence ideal ηf = ηλf (TF ) as
the ideal given by λf (AnnTF (Ker λf )) viewed as an ideal of O. For M = H(F )ǫmF , we also
define as in Section 2.1 the cohomologial congruence module Cλf0 (H(F )
ǫ
mF
) and cohomological
congruence number ηǫ
f
:= ηλf (H(F )
ǫ
mF
) so that
Cλf0 (H(F )
ǫ
mF
) = O/ηǫf
Let −ǫ be the character which on the basis (−1τ )τ of {±1}G is given by (−ǫ)(−1τ ) =
−(ǫ(−1τ )). Because of the perfect duality between H(F )ǫmF and H(F )−ǫmF , by Lemma 1, we
have as O-modules
C0(H(F )
ǫ
mF
) = C0(H(F )
−ǫ
mF
) = O/[δǫf , δ−ǫf ]
so we have
ηǫf = [δ
ǫ
f , δ
−ǫ
f
].
Of course, if H(F )ǫmF is free over TF , we have that ηf = η
ǫ
f
. The following result is a general-
ization of Theorem 5.
Proposition 6. Assume that the p is prime to 6NφF (N). We have for any ǫ ∈ ŴF ,
ηǫf ∼
Γ(Ad f , 1)L(Ad f , 1)
Ωǫ
f
Ω−ǫ
f
If moreover the hypothesis of Theorem 8 hold, then
ηf ∼ Γ(Ad f , 1)L(Ad f , 1)
Ωǫ
f
Ω−ǫ
f
Proof. The proof follows the same lines as the case F = Q and follows from the computation
of [δǫ
f
, δ−ǫ
f
] and the Poincaré duality established in Proposition 5. This result was also proved
by Dimitrov as can be seen in [Dim05, Theorem 4.4, Theorem 4.11, Formula (19)]. When the
conditions of Theorem 8, are satisfied, H(F )ǫmF is free over TF and therefore ηf = η
ǫ
f
which
implies our claim. 
We will apply this result when f = fF is the base change of our original modular form f .
4.5. Twisted adjoint L values and congruences for base change. From now on, we
again assume that the totally real field F is Galois over Q with Galois group G. Let IG be
the augmentation ideal of Z[G]. We have
L(Ad fF , 1) = L(Ad f, 1)L(Ad f ⊗ IG, 1).
Let us put
L∗(Ad⊗IG, 1) =
√
D
Γ(Ad f, 1)d−1L(Ad f ⊗ IG, 1)
(Ω+f Ω
−
f )
d−1
.
where D is the discriminant of F . The following statement seems well known.
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Proposition 7. Assume that F is abelian over Q and that p > k−2 and prime to 2NφF (N),
then
L∗(Ad⊗IG, 1) ∈ O.
Proof. If if F is real quadratic this is due to Hida [H99]. In general, for each non trivial
character of χ of G, it follows from the integral formula for this twisted L-value due to Sturm
if the conductor of f is even that
L∗(Ad f, χ, 1) := G(χ)
Γ(Ad f ⊗ χ, 1)L(Ad f ⊗ χ, 1)
Ω+f Ω
−
f
∈ O
One can also use the doubling method and the formula follows from [BS00] in that case. By
using the conductor-discriminant formula
√
D =
∏
χ∈ĜG(χ) (up to a unit), the result follows.
We are not giving more details as this fact won’t be used in the rest of this paper when F is
not real quadratic. 
Similarly, we write
Lǫ(Ad fF , 1) :=
Γ(Ad fF , 1)L(Ad fF , 1)
ΩǫfFΩ
−ǫ
fF
Recall that these numbers calculate the cohomological congruence numbers of f and fF (see
Proposition 6). Let us notice the following lemma.
Lemma 4. If p does not divide the degree d of F , the homomorphism θ : TF → T is surjective.
Proof. Let ℓ be a rational prime, prime to ND. If ℓ = l1 . . . lr decomposes in F in primes of
degree f , Let tℓ, resp. tli , be the Hecke parameter of f , resp. fF , at ℓ, resp. li. Thus, Tr(tℓ) =
Tℓ and Tr(tli) = T
F
li
. Therefore, θ(TFli ) = Qf (Tℓ, Sℓ) where Qf (T, S) = T
f + . . . ∈ Z[T, S]
is a monic polynomial in T defined by the relation Xf1 + X
f
2 = Qf (T, S) for T = X1 + X2
and S = X1X2. Note that
∂Qf (T,S)
∂T = f ·Qf−1(T, S). Note that in any ring B in which f is
invertible and for any s ∈ B − {0}, Qf (T, s) has no multiple root.
Let T′ = θ(TF ) ⊂ T ; it contains the Qf (Tℓ, Sℓ) for all ℓ’s prime to ND. The equation
Qf (X,Sℓ)− θ(TFli ) = 0 has coefficients in the complete local ring T′. it has a solution modulo
its maximal ideal because the residue field F of T′ is the same as that of T. Since p does not
divide f , it has no multiple root in F. Therefore, by Hensel’s lemma, it has a solution in T′.
Hence, by Chebotarev density theorem, we conclude that T′ = T. 
Recall that if the rings T and TF are Gorenstein, that is, Hom(T,O) ∼= T as T-modules
and Hom(TF ,O) ∼= TF as TF -modules; if moreover p does not divide d and θ is surjective, it
follows from Corollary 4 that there is a decomposition of the congruence numbers
(10) ηfF = ηfη
♯
f
with η♯f = η
♯
λf
(TF ) as defined in Section 2.2. On the other hand, it follows from our conjecture
2, as it was conjectured by Hida in [H94] in the real quadratic case, that we must have the
integral period relation
(11) ΩǫfFΩ
−ǫ
fF
∼ (Ω+f Ω−f )d.
The relation (11) implies immediately that
Lǫ(Ad fF , 1) ∼ L∗(Ad f, 1)L∗(Ad f ⊗ IG, 1)
This together with (10) suggest the following conjecture that will be proved in the real qua-
dratic case.
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Conjecture 3. Assume p does not divide 6dDNφF (N) and p > d(k−1)+1 and that (IrrF ).
We further suppose that T and TF are Gorenstein, then
η♯f ∼ L∗(Ad f ⊗ IG)
In particular, if p divides L∗(Ad f ⊗ IG), there is a congruence between fF and a non base
change Hilbert cuspform.
Assume now that (MinF ) and (IrrF ′) and that p > k.
Proposition 8. Assume the conditions (IrrF ′), (MinF ), p > k and p prime to DN . Let F be
a totally real abelian field F of degree d prime to p. Let G be its Galois group. Assume that
Conjecture 3 holds, then
L∗(Ad f ⊗ IG, 1) ∼ char SelQ(Ad(ρf )⊗ IG)
Proof. Under these conditions, it is well-known that
1) the deformation problem of ρf |ΓF for deformations preserving N -minimality and the
Fontaine-Laffaille condition with Hodge-Tate weights 0 and k− 1 is representable. Let RF be
the corresponding universal O-algebra,
2) there is an O-algebra isomorphism RF → TF (it comes from the proof of Theorem 8).
Passing to the the relative differentials, we have an isomorphism
C
λfF
1 (RF ) = ΩRF /O ⊗λf O ∼= ΩTF /O ⊗λf O = C
λfF
1 (TF )
By an argument due to Mazur, the left-hand side is isomorphic to the Pontrjagin dual of
Sel(Ad ρfF ). On the other hand, since we know that TF is complete intersection, by Wiles
criterion, C
λfF
1 (TF and C
λfF
0 (TF have the same Fitting ideal and therefore
(12) ηfF ∼ charΩRF /O ⊗λfF O = char SelF (Ad ρf )
Since p > d, we have also the decomposition
(13) SelF (Ad ρf ) = SelQ(Ad ρf ⊗O O[G]) = SelQ(Ad ρf )⊕ SelQ(Ad ρf ⊗ IG)
and by Wiles criterion again, we have ηf = char SelQ(Ad ρf ) since T is complete intersection.
Now from (10) , (12) and the translation of (13) as a factorization of Fitting ideal, we obtain
η♯f ∼ char SelQ(Ad(ρf )⊗ IG)
We conclude the proof by using Conjecture 3.

4.6. Twisted adjoint L values and congruence criterion for a real quadratic field. In
this section F is real quadratic of discriminant D of associated quadratic Dirichlet character α
as in section 4.2. In [H99, Theorem 5.2], Hida proved that if there is a congruence bewteen fF
and a non base change modulo p, then p divides L∗(Ad f ⊗α). The following proposition is a
strengthening of his result. Note that ǫ(−1,−1) = −1 implies −ǫ(−1,−1) = −1 by definition
of −ǫ.
Proposition 9. For F real quadratic, p does not divide DNφF (N), p > k − 2 then for any
ǫ ∈ ŴF such that ǫ(−1,−1) = −1,
η♯fF (H
ǫ
mF
) | Lǫ(Ad f ⊗ α) := Γ(Ad f ⊗ α, 1)L(Ad f ⊗ α, 1)
ΩǫfF
.
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Proof. Indeed, Hida [H99, Section 4] defines an integral linear form Ev: H2! (XF ,VFk (O))→ O
which is surjective if k ∈ [2, p− 1] and p prime to 6. It is obtained by pairing with the 2-cycle
given by a modular curve inside the Hilbert modular surface XF ; he computes its effect on de
Rham cohomology classes, and in particular on ωǫ(f), he obtains the following
Ev(ωǫ(f)) =
{
0 if f does not come from base change
Γ(Ad f ⊗ α, 1)L(Ad f ⊗ α, 1) if f = fF
and in particular Ev(δǫfF ) = L
ǫ(Ad f ⊗ α). Then the results follows from Proposition 2 with
M = HǫmF and Φ = Ev. 
We can then deduce the following
Proposition 10. We keep the same hypothesis as Proposition 9 and Theorem 5.b. Then, for
any ǫ ∈ ŴF such that ǫ(−1,−1) = −1, we have the period relation:
Ω−ǫfF
Ω+f Ω
−
f
∈ O
Proof. From Lemma 1. we have
ηf ′F (H
ǫ
mF
) = ηf ((H
ǫ
mF
)T ).η
♯
f (H
ǫ
mF
)
Since ηf ((H
ǫ
mF
)T ) devides ηf , using the relation
ηf ′F (H
ǫ
mF
) ∼ L(Ad fF ⊗ α, 1)
π2k+2ΩǫfFΩ
−ǫ
fF
and
ηf ∼ L(Ad f, 1)
πk+1Ω+f Ω
−
f
by Theorem 5, we have the divisibilities
L(Ad fF ⊗ α, 1)
π2k+2ΩǫfFΩ
−ǫ
fF
| L(Ad f, 1)
πk+1Ω+f Ω
−
f
× η♯f (HǫmF ) |
L(Ad f, 1)
πk+1Ω+f Ω
−
f
× L(Ad f ⊗ α, 1)
πk+1ΩǫfF
.
where the last divisibility follows from Proposition 9. Since the quotient of the right hand side
by the left hand side is
Ω−ǫfF
Ω+f Ω
−
f
, our claim follows. 
Remark 3. We do not need to have the free-ness of the cohomology of the Hilbert modular
surface to get this period relation.
We shall prove a weaker form of the other divisibility under the assumptions of a theorem
by Cornut-Vatsal (see [C02] and [Va02] for the weight k = 2, and Chida-Hsieh [CH16] for any
k ∈ [2, p + 1]), the following integral period relation holds
Proposition 11. Assume p > k and that (CV) and (Irr) hold. Then for any ǫ ∈ ŴF , we
have
(Ω+f Ω
−
f )
2
ΩǫfFΩ
−ǫ
fF
∈ Zp.
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Proof. The form has level Γ0(N) with trivial Nebentypus) and N . Let q be the prime for
which (CV) holds. We choose an imaginary quadratic field K in which all the prime factors
of N other than q split while q remains inert and p splits in K. We also fix a prime ℓ prime
to Np as in Cornut-Vatsal (see [C02, Theorem] and [Va02, Theorem 1.2]) and Chida-Hsieh
[CH16]. Then there exists an anticyclotomic character ξ of conductor a power of ℓ such that
for any χ ∈ {1, α} where α stands for the quadratic charcter associated to F/Q, we have
LK(f ⊗ χ, ξ, k/2)
πkΩ+f Ω
−
f
∈ Z×p
On the other hand, by Hida (Rankin-Selberg method) LKF (fF ,ξ,1)
πkΩ+fF
Ω−fF
∈ Zp. Indeed,
LKF (fF , ξ, 1)
π2kΩ+fFΩ
−
fF
=
< fF , θ(ξ)E >
< fF , fF >
ηcoh,ǫf = ηf · a(1, 1f (θ(ξ)E))
where E and θ are respectively some Einsenstein series and Theta function with integral
Fourier coefficients. Here we used that ηcohf = ηf under our assumptions (Irr) and p > k.
Hence, the quotient of LKF (fF ,ξ,1)
π2kΩ+fF
Ω−fF
by
∏
χ∈{1,α}
LK(f⊗χ,ξ,1)
πkΩ+f Ω
−
f
is a p-adic integer. Our claim
follows since this quotient is equal to
(Ω+f Ω
−
f )
2
Ω+fF
Ω−fF
. 
4.7. Case of totally real fields of 2-power degree over Q. Let F be a Galois totally
real field with Galois group G of 2-primary order. In that case we need a generalization of
Proposition 10 for a relative real quadratic extension F/F1. Actually, the Hida evaluation
linear form is also available in this context:
evF/F1 : H
d(YF ,VFk (O))→ O
it is given by the cap pairing with the Hilbert variety for F1 (followed by the evaluation on
the lowest weight vector) ω 7→ ω ∩ [XF1 ]. Note that [XF1 ] is in H2d1(XF ) but 2d1 = d.
We use this time [H99, Theorem 6.1]. With this, we can prove the following generalization
of Proposition 10. Let us consider the embedding i : WF1 → WF where, for e = (eτ1) ∈ WF1 ,
i(e) is defined as follows: for each embedding τ1 of F1, and for τ , τ
′ the two embeddings above
τ1, one puts i(e)τ = i(e)τ ′ = eτ1 . Before stating our next lemma, we need a definition.
Definition 2. We say that ǫ ∈ WˆF is balanced if and only if d+ǫ = d−ǫ .
Notice that ŴF containes balanced character if and only if d = [F : Q] is even.
Lemma 5. For F totally real and F/F1 quadratic, assuming that p does not divide NφF (N),
k < p, then for any balanced ǫ ∈ ŴF such that ηfF1 = (
L(Ad fF1),1)
π(k+1)d/2Ω
−ǫ1
fF1
Ω
ǫ1
fF
) for ǫ1 = i
∗(ǫ) ∈ ŴF1,
we have the period relation
ΩǫfF
Ωǫ1fF1
Ω−ǫ1fF1
∈ O.
Proof. We first apply Corollary 4 to the map TF → TF1 and λ1 : TF1 → O (resp λ : TF → O
) is the character of the Hecke algebra attached to the eigenform fF1 (resp. to the eigenform
fF ). Let us write η
ǫ
fF
for ηλ((H
d(YF ,VFk (O))ǫ)) and η♯,ǫfF1 for η
♯
λ1
(Hd(YF ,VFk (O))ǫ). Then, we
have the divisibility
ηǫfF ⊃ ηλ1(Hd(YF ,VFk (O))ǫTF1 ) · η
ǫ,♯
fF1
⊃ ηfF1 · η
ǫ,♯
fF1
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where the second inclusion is obtained using (3). Now from the Proposition 2 applied to
evF/F1 , we obtain
L(Ad(fF1)⊗ α, 1)
π(k+1)d/2ΩǫfF
∈ η♯fF1
On the other hand, we know that ηǫfF is generated by
L(Ad(fF ), 1)
π(k+1)dΩ−ǫfFΩ
ǫ
fF
=
L(Ad(fF1), 1)
π(k+1)d/2Ω−ǫfF
· L(Ad(fF1)⊗ α, 1)
π(k+1)d/2ΩǫfF
Combining our assumption on ηfF1 and the previous divisibilities implies our claim. 
To obtain the opposite divisibility we proceed like in Proposition (11) for the real quratic
case.
Lemma 6. Assume p > (k−1)d/2+1 is prime to NφF (N)D and that CV and (MinF ) hold,
then we have
(Ωǫ1fF1
Ω−ǫ1fF1
)2
ΩǫfFΩ
−ǫ
fF
∈ O.
Proof. The same argument as in the proof of Proposition (11) applies by replacing the theorem
of Cornut-Vatsal generalized by Chida-Hiseh by a further generalization due to Pin-Chin Hung
[Hu14] to a totally real ground field instead of Q.

We are now ready to prove the following
Theorem 9. Let F be a totally real field Galois of 2-power degree d over Q. Assume p does
not divide 6NϕF (N) and that p − 1 > d(k − 1). Further assume that CV and (MinF ) hold.
Then, for any balanced ǫ ∈ ŴF , we have
ΩǫfF ∼ (Ω+f Ω−f )d/2
In other words, Conjecture 2 holds for such ǫ if [F : Q] is a power of 2.
Proof. We proceed by induction on the degree of F . Notice first that the starting point of the
induction is Theorem 6, so we may assume that [F : Q] ≥ 4. We choose F1 ⊂ F like in the
two previous lemmas and such that ǫ1 is balanced. Assuming the result for F1 will therefore
insure the result for F , once we have checked that the assumptions of the Lemmas above are
satisfied. This fact follows from our hypothesis and Theorem 8 applied to F1.

5. The imaginary quadratic case
5.1. Differential forms and periods. Let F be an imaginary quadratic field of discriminant
−D prime to Np. We denote by d ⊂ OF its different ideal and by α = (−D· ) the associated
quadratic character. We now consider the space SFk (N ;C) of cuspidal Bianchi modular forms
of parallel weight k and level N . Let us recall that an element f ∈ SFk (N ;C) is a function
on GL2(F )\GL2(AF ) taking values in L(2n + 2,C) := C[S, T ]2n+2 that we identify with the
subspace of polynomials in the two variables (S, T )which are homogenous of degree 2n + 2
with n = k − 2,
g 7→ f(g) = f(g;S, T ) =
2n+2∑
i=0
fi(g)S
2n+2−iT i ∈ L(2n+ 2,C)
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satisfying the following conditions:
(i) D1.f = Dc.f = (n +
n2
2 ).f where D1 and Dc are the two Casimir operators attached
to the two embeddings of F into C,
(ii) f(gk∞; (S, T )) = f(g, (S, T )k
−1
∞ ) for any k∞ ∈ U2(C),
(iii) f(gz∞) = |z∞|−nC f(g) for any z∞ ∈ Z(C) ∼= C×,
(iv) f(gkf ) = f(g) for all kf ∈ UF0 (N).
(v) f is cuspidal. That is∫
AF /F
f(
(
1 x
0 1
)
g)dx = 0 for all g ∈ GL2(AF ).
We will say that f is a primitive eigenform if the span of the translates under the action
of GL2(AF ) of the fi is an irreducible cuspidal representation that we will denote π(f). Any
f ∈ SFk,k(N,C) has a Fourier expansion of the form
f(
(
y x
0 1
)
) = |y|F
∑
ξ∈F×
a(ξyfd, f)Wn(ξy∞)eF (ξx) for a ∈ A×F
where for y∞ ∈ R×,
Wn(y∞) =
2n+2∑
j=0
(
2n+ 2
j
)
(
y∞√−1|y∞|
)n+1−jKj−n−1(4π|y∞|)S2n+2−jT j
with Kα the modified
5 Bessel function of order α. Here ξyfd is identifed with a fractional
ideal of OF and a(m, f) ∈ C is zero except if m is integral. We moreover say that such an f is
normalized if a(OF , f) = 1. Finally we say that f is primitive and normalized if we have the
relation
L(π(f), s − n) =
∑
m⊂OF
a(m, f)N(m)−s
where L(π(f), s) stands for the standard L-function of π(f). Conversely, for any irreducible
cuspidal representation π = π∞ ⊗ πf of GL2(AF ) whose archimedean component π∞ is a
principal series with central character z 7→ |z|−nC with Casimir operators acting with the
eigenvalue n+n2/2 and with π
UF0 (N)
f of dimension 1, there exists a unique normalized eigenform
f such that π = π(f).
Let O[X,Y ]n be the O-module of homogeneous polynomials in X,Y of degree n with action
of g ∈ SL2(OF ) by where g ·P (X,Y ) = P ((X,Y )tg−1); let Vk,k(O) = O[X1, Y1]n⊗O[Xc, Yc]n
with action of g ∈ SL2(OF ) by g ⊗ gc.
Consider the (adelic) Bianchi threefold of level N :
XF = GL2(OF )\GL2(AF )/UF0 (N) · R×U2(C).
Let VFk,k(O) be the local system on the Bianchi threefold XF associated to Vk,k(O) and
VFk,k(C) := VFk,k(O) ⊗O C its base change to C . Let Hi! = (Hic → Hi); Recall that for
i = 1, 2, there are Hecke-linear Harder-Matsushima-Shimura isomorphisms
ωi : SFk,k(N ;C)
∼= Hi!(XF ,VFk,k(C))
5Kα satisfied the differential equation d
2Kα
dx2
+ dKα
dx
− (1 + α
2
x2
)Kα = 0 and Kα(x) ∼
√
π
2x
e−x as x→∞.
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given below (see [Ur95] or [H94]). The differential forms ωi(f) are defined by the formula
ω1(f)(
(
y x
0 1
)
) :=
∑
0≤j1,jc≤n
(−1)n−jc
(
n
j
)(
n
jc
)
Xn−j11 Y
j1
1 ⊗Xn−jcc Y jcc ×
y−1
(
fn+j1−jc(g)dx −
1
2
fn+j1−jc+1(g)dy − fn+j1−jc+2(g)dx¯
)
and
ω2(f)(
(
y x
0 1
)
) :=
∑
0≤j1,jc≤n
(−1)n−jc
(
n
j
)(
n
jc
)
Xn−j11 Y
j1
1 ⊗Xn−jcc Y jcc ×
y−2 (fn+j1−jc(g)dy ∧ dx− fn+j1−jc+1(g)dx ∧ dx¯+ fn+j1−jc+2(g)dy ∧ dx¯)
We now define periods attached to normalized primitive forms. Let f be such a form and
Of the ring of integers containing OF and the Fourier coefficients of f . Then the Of -module
C.ωi(f)∩Hi!(XF ,Vk,k(O))⊗Of/(tors) is projective of rank 1. Thus, for any localization O(℘)
of Of at a finite prime ℘ ⊂ Of , there exists a basis δif over O(℘) of the localization of this
module at ℘. We define therefore the periods ui(f ,O(℘)) ∈ C×/O×℘ for i ∈ {1, 2}, by the
formula
(14) ωi(f) = ui(f ,O(℘)) · δif .
When ℘ will be obvious from the context, we will just write ui(f) for short.
Let hFk (N,O) be the Hecke algebra generated over O by the Hecke operators acting on the
cohomology H·!(XF ,VFk,k(O)). Let λf be the character hFk (N,O)→ O associated to the Hecke
eigensystem attached to the new form f and let m := Ker(λf (mod ̟)) the corresponding
maximal ideal. We then denote by Tmf the localization of h
F
k (N,O) at m.
Lemma 7. Assume that p > k− 2, p is prime to ND and that mf is not Eisenstein if k = 2,
then H1(XF ,VFk,k(O))mf is a torsion free O-module.
Proof. It follows from the cohomology long exact sequence associated to the multiplication
by ̟ that H0(XF , V
F
k,k(F)) surjects on the ̟-torsion of H
1(XF ,VFk,k(O))m. Since by our
assumptions, V Fk,k(F) is irreducible as U
F
0 (N)-module and has no invariant if k > 2 and the
Hecke action on it is Eisenstein when k = 2, the claim follows. 
To have a better understanding on the cohomology in degree 2 which may have torsion in
general, one needs to use the existence and properties of Galois representations attached to
Hecke eigensystems and the modularity lifting theorem technics. Recall that it follows from
the work of M. Harris, K.-W. Lan, R. Taylor and J. Thorne [HLTT] , that there exists a Galois
representation ρf : ΓF → GL2(O) associated to f . This results was proved also independantly
by P. Scholze [Sch15] – who included the case of certain torsion classes – whose work was
further refined by J. Newton and J. Thorne in [NT16] and later by the work [CGHJMRS].
We will say that m is minimal if ρf is a minimal lift of ρf := ρf (mod ̟) if it satisfied
the conditions (1) to (8) of [CaGe14, 5.1]. The following theorem gives the structure of the
cohomology in degree 2.
Theorem 10. We suppose that p > k and N is prime to p and that p splits in F . Then, if
mf is non-Eisenstein and (MinF ) holds, the following facts hold.
(i) There is a presentation of Tmf of the form
Tmf
∼= O[x1, . . . , xg]/(f0, . . . , fg)
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(ii) H2(XF ,VFk,k(O))mf is free of rank one over Tmf .
Proof. This follows from the work of F. Calegari and D. Geraghty in [CaGe14] under the
condition that some conjectures about the existence and properties of Galois representations
attached to torsion classes in H2(XF ,VFk,k(O))m (see also the work of D. Hansen [Han12]).
These conjectures are now proved in our special case thanks to the works [ACC+, CGHJMRS].
The result of [CaGe14] is in terms of the homology H1(XF ,VFk,k(O))m but this is an easy
exercise to see that there is a canonical isomorphism H2(XF ,VFk,k(O))mf ∼= H1(XF ,VFk,k(O))mf
when mf is not Eisenstein. 
Let us also record the following lemma that will be useful in the next section.
Lemma 8. Let WFN be the Atkin-Lehner involution on XF and assume that p > k − 2, the
twisted cup-product [x, y] = x ∪WFN y induces a perfect pairing
[−,−] : H1! (XF ,VFk,k(O))/(tors)×H2! (XF ,VFk,k(O))/(tors)→ O
which is Hecke-bilinear.
Proof. This follows from the Poincaré duality theorem [Ur95, Theorem 2.5.1], 
5.2. Base change and congruence ideals. We consider now a cuspidal newform f ∈
Sk(Γ0(N)) of weight k ≥ 2 like in section 3 and a prime p satisfying the conditions of that
section from which we will use the notations.
Let now f = fF ∈ SFk,k(N ;O) be its normalized base change to F . This is the normalized
eigenform attached to the quadratic base change π(fF ) to GL2(AF ) of the cuspidal repre-
sentation attached to f . We will denote by mF the maximal ideal of hk,k(N ;O) associated
to fF and TF the corresponding localization at mF . For i = 1, 2, we also write for short
HiF := H
i(XF ,Vk,k(O))mF . We write TfF for the maximal torsion free quotient of TF. The
system of Hecke eigenvalues of fF defines a character of the Hecke algebra TF → O which
factors through TfF into an homomorphism λF
λF : T
f
F → T→ O
where θ : TfF → T is the base change homomorphism.
We now define the congruence module of fF as
C0(λF ) = C0(fF ) = O/ηfF
and ηfF the corresponding Hecke congruence ideal. We also define the base change congruence
module and ideal η♯f
C♯0(f) := C
λF ,♯
0 (TF ) = O/η♯f
This finite ring controls congruences between fF and Bianchi cusp forms which are not base
change from Q. Similarly, for i ∈ {1, 2}, we define the congruences modules and ideals ηif , ηi,♯f
attached to the Hecke modules Hi(F ):
CλF0 (H
i
F ) = O/ηifF and CλF ,♯0 (HiF ) = O/ηi,♯f
We have the following lemma
Lemma 9. With the notation above, we have the following equalities or inclusion of ideals
(i) η1fF = η
2
fF
⊃ ηfF ,
(ii) For i ∈ {1, 2}, we have ηifF ⊃ ηf · η
i,♯
f ,
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(iii) If mF is non Eisenstein and minimal and p > k, then
η1fF = η
2
fF
= ηfF and η
♯
f = η
2,♯
f .
(iv) If p > k − 2 and p does not divide NφF (N), then for i ∈ {1, 2} we have
ηifF ∼
L(Ad(fF ), 1)
π2k+1u1(fF )u2(fF )
Proof. The equality in (i) follows from the duality of Lemma 8 and Proposition 1. The inclusion
follows from (3). The point (ii) follows from Lemma 1 for M = H iF and that ηf (H
i(F )T) ⊃ ηf
thanks to (3). The point (iii) is an immediate consequence of the point (ii) of Theorem 10.
The point (iv) is a reformulation of the main result of [Ur95](see also [H99]) and follows from
the last point of Proposition 1 applied toM i = Hi(F ) and δifF and Lemma 8 together with the
computation of the Petersson inner product of f in terms of the value of Adjoint L-function
at s = 1. 
5.3. The integral period relation and base change congruence ideal. We keep the
notations and hypothesis for f as in the previous section. We prove a first p-adic divisibility
of periods:
Proposition 12. Assume that p > k and p does not divide DNφF (N). We also suppose that
(CV), (Irr) hold and furthermore that the number of prime factors of N of the level of f which
remain inert in F is odd. Then, the quotient
Ω+f Ω
−
f
u1(fF )
∈ Zp.
Proof. The proof follows the same strategy as in the real quadratic case. Since f has trivial
central character and since the imaginary quadratic field is such that the number of prime
factors which remain inert in F is odd, we know, by [C02] and [Va02] (for the weight k = 2)
and Chida-Hsieh [CH16] (for k such that k − 2 < p), that for a prime ℓ prime to Np, for
almost all anticyclotomic Hecke characters of F of ℓ-power conductors we have
(15)
L(fF ⊗ ψ, k/2)
πkΩ+f Ω
−
f
=
L(f ⊗ θ(ψ), k/2)
πkΩ+f Ω
−
f
∈ Z×p
But on the other hand, by integrating the 1-form δ1fF =
ω1(fF )
u1(fF ,O℘)
against the modular symbols
of the Bianchi hyperbolic threefold XF , we see that
(16)
L(fF ⊗ ψ, k/2)
πku1(fF )
∈ Zp.
This follows from the same computations as in the proof of Theorem 8.1 of [H94]. In loc. cit
the number field A has to be replaced by our discrete valuation ring O(℘) and the basis ξǫ of the
Hecke eigenspace in H1! (XF ,Vk,k(A))[λfF ] by our basis δ1fF of the H1! (XF ,Vk,k(O(℘)))[λfF ].
Note that the fudge factors are units in Zp by our assumptions on p. Our claim now follows
from dividing (16) by (15). 
Like in the real quadratic case, the next proposition will allow us to deal with the reverse
divisibility. It makes use of the period linear form of Hida [H99] which is defined in the
imaginary quadratic case as well.
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Proposition 13. Assume that p > k − 2 and is prime to NDφF (N), then we have
L(Ad(f), α, 1)
πku2(fF )
∈ η1,♯fF .
Proof. Let X ⊂ XF be the modular curve view as a 2-cycle of the Bianchi orbifold via the
natural embedding of GL(2)/Q into GL(2)/F . Let us consider the linear form
Ev: H2! (XF ,VFk,k(O))→ H2! (X,Vk,k(O))→ H2c(X,O)) ∼= O
where the first map is induced by the restriction ω 7→ ωX and the second map by the canonical
projection of GL2(Zp)-representations Vk,k(O) → O induced by the Clebsch-Gordan decom-
position. We can show it is surjective if k ∈ [2, p − 1] and p prime to 6N altough this is not
needed here. Hida [H99, Corollary 3.2] proved that if f is not the twist of a base change,
Ev(ω2(f)) = 0 while if f = fF is a base change,
Ev(ω2(f)) ∼ L(Ad(f), α, 1)
πk
Then our claim follows from Proposition 2 with Φ the restriction of Ev to the O-torsion-
deprived localized second cohomology module H2F /(tors) and δ = δ
2
fF
∈ H2F /(tors) since H1F
is the O-dual of H2F by Lemma 8. 
We can now prove the main result of this section.
Theorem 11. Assume that that (N,D) = 1, that p does not divide DNφF (N) and p > k.
Assume also (CV), (Irr). Then the following hold:
(i) We have the integral period relation u1(fF ) ∼ Ω+f Ω−f .
(ii) We have the equality (up to p-adic unit)
η1,♯fF ∼
L(Ad(f)⊗ α, 1)
πku2(fF )
(iii) We have the following ideal factorization in O
η1fF = ηf · η1,♯f
Proof. Recall that from Theorem 5, we have
(17) ηf ∼ L(Ad(f), 1)
πk+1Ω+f Ω
−
f
.
On the other hand, from the point (iv) of Lemma 9, we have
η1fF ∼
L(Ad(fF ), 1)
π2k+1u1(fF )u2(fF )
=
L(Ad(f, 1)
πk+1u1(fF )
.·L(Ad(f)⊗ α, 1)
πku2(fF )
= a· L(Ad(f, 1)
πk+1Ω+f Ω
−
f
·L(Ad(f)⊗ α, 1)
πku2(fF )
where a =
Ω+f Ω
−
f
u1(fF )
∈ O thanks to Proposition 12. From (17), we therefore deduce that
η1fF ∼ a · ηf ·
L(Ad(f)⊗ α, 1)
πku2(fF )
.
On the other hand, from the point (ii) of Lemma 9, we have
η1fF ⊃ ηf · η
1,♯
fF
.
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After simplifying by ηf , we therefore deduce that
L(Ad(f)⊗ α, 1)
πku2(fF )
· O ⊃ a · L(Ad(f)⊗ α, 1)
πku2(fF )
· O ⊃ η1,♯fF
Now applying Proposition 13, we deduce the point (ii) and that all the inclusion above are
equalities which yields the point (iii) and that a is a p-adic unit which is the point (i) of the
Theorem. 
We have the following immediate corollary
Corollary 8. We keep the same hypothesis as the previous Theorem, then we have the divis-
ibility
η♯f ⊂
L(Ad(f)⊗ α, 1)
πku2(fF )
· O
In particular, if ℘ divides L(Ad(f)⊗α,1)
πku2(fF )
, there exists a Bianchi eigenform which is not a base
change from Q which is congruence to fF modulo ℘.
Proof. This follows from the point (ii) of the previous Theorem and the natural inclusion
η1,♯f ⊃ η♯f . 
Remark 4. We don’t know whether
η2fF = ηf · η2,♯fF
holds or not. Or, in other words, if ηi,♯fF is independent of i.
5.4. Relation to the Bloch-Kato conjecture. If we put ourselves in the situation of The-
orem 10, it is natural to hope to have an expression of the Bloch-Kato Selmer group for
Ad ρf ⊗α in terms of L(Ad f ⊗ α, 1) which is not a critical value. However, in this case since
TF is not complete intersection, we cannot apply Wiles Criterion and we have to take into
account of the Wiles defect. In the next section, we review the Bloch-Kato conjecture in that
context to which we relate our results. This naturally leads us to a formulation of an integral
version of a special case of conjecture of Prasanna-Venkatesh.
We first review the Beilinson and Bloch-Kato conjectures in our special context. Let Mf
the Grothendieck motif over Q associated to our eigenform f constructed by Scholl. Let
Ad(Mf ) := Sym
2(Mf )(k − 1) be the Adjoint motif defined over Q associated to the modular
form f . It is of rank 3 over the coefficient field Kf ⊂ Q¯. We consider its twist Wf,α :=
Ad(Mf ) ⊗ α by our odd quadratic Dirichlet character α. For any motif X, we denote by
H?(X) the ?-realization functors with ? = B, dR and et for respectively the Betti, de Rham
and étale p-adic. Recall that we have the following comparison isomorphisms between these
realizations.
(i) c∞ : HB(Wf,α)⊗Kf C ∼= HdR(Wf,α)⊗Kf C
(ii) cp : HB(Wf,α)⊗Kf K ∼= Het(Wf,α) = Ad(ρf )⊗K(α)
(iii) cdR : DdR(Het(Wf,α)) ∼= HdR(Wf,α).
Since L(Ad ρf ⊗ α, 1) 6= 0, we can esily see that the L function L(Ad ρf ⊗ α, s) vanishes
at s = 0 with order one thanks to its functional equation and because its Gamma factor
Γ(Ad ρf ⊗ α, 1) = ΓC(s + k − 1)ΓR(s) has a simple pole at s = 0. Therefore, a conjecture of
Beilinson predicts that the motivic cohomology group
H1mot(Ad(Mf )⊗ α,Kf (1)) = Ext1MM(Ad(Mf )⊗ α,Kf (1))
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is of rank 1 over Kf . Here MM is the conjectural category of mixed motives. Part of the
conjectural framework is the existence of archimedean and p-adic regulator maps:
H1mot(Ad(Mf )⊗ α,Kf (1))
rp
//
r∞

H1f (Q,Ad(ρf )⊗ α(1))
H1D(Ad(MR)⊗ α,R(1))
where H1f (Q,Ad(ρf ) ⊗ α(1)) is the Bloch-Kato Selmer group attached to the Galois repre-
sentation Ad(ρf ) ⊗ α(1) and H1D stands for Deligne cohomology where MR denotes the real
Hodge structure of HB(Mf )⊗R. By a standard computation the Deligne cohomology is equal
to the cokernel of Deligne’s period map
c+∞ : HB(Wf,α(1))
+
R −→ HdR(Wf,α(1))R/F 0HdR(Wf,α(1))R
which is injective because the weight of Wf,α(1) is negative. The right hand side
6 is always
dimension 2 when the left hand side is dimension 2 or 1 according to that α is even or odd.
Therefore our motif is not critical when α is attached to an imaginary quadratic extension.
From this description, one sees immediately that the Deligne cohomology, namely Coker c+∞,
has a rational structure and even a p-integral structure if p prime to N and p > k so that the
Hodge-Tate weights of Ad(ρf )⊗ α are in the Fontaine-Lafaille range.
We will make the following hypothesis which is a consequence of the conjectures of Beilinson
and Bloch-Kato:
(Bei) The regulator map rp (resp. r∞) induces an isomorphism after the extension of scalar
to K (resp, to R).
Equivalently, this means that H1mot(Ad(Mf ) ⊗ α,Kf (1)) is generated by a Beilinson-Flach
element and that those maps are non-trivial. In what follows, we will only use that the image
of the Beilison-Flach element by rp and r∞ are non-trivial, which is known. Assuming (Bei),
we can define a regulator Rf,α ∈ R×/O×(℘) as follows. Let Lf ⊂ Vρf the stable O-lattice
coming from the étale cohomology of the modular curve. Because the Hodge-Tate weights are
in the Fontaine-Lafaille range, this lattice induces a lattice of DdR(Vρf ) and therefore define a
integral O(℘)- lattice of HdR(Wf,α) and of HB(Wf,α) via the comparison isomorphisms c∞, cp
and cdR. This yields an O(℘) -integral structure on coker(β) = H1D(Ad(MR) ⊗ α,R(1)). Let
A(Q) be the inverse image of H1f (Q,Ad(Lf ) ⊗ α(1)) via rp. The archimedean regulator of
Wf,α(1) is then defined as the co-volume of the image of A(Q) by r∞ with respect to the Haar
measure induced by the O(℘) -integral structure defined above. It gives an element
Rf,α ∈ R×/O×(℘)
We now review the definition of the Tate-Shafarevitch group X1(Q,Ad(Mf )(1)⊗α) following
Bloch-Kato. It is defined as:
Ker
(
H1(Q,Ad(ρf )(1) ⊗K/O(α))
ΦO ⊗K/O →
⊕
v
H1(Qv,Ad(ρf )(1) ⊗K/O(α))
H1f (Qv,Ad(ρf )(1) ⊗K/O(α))
)
where ΦO = H
1
f (Q,Ad(ρf )(1)⊗ α) ∩H1(Q,Ad(Lf )(1) ⊗ α).
The Bloch-Kato conjecture in this situation can be formulated as:
6Note that with the original Deligne’s Conjecture paper notations, F−HdR(Wf,α(1))R = F 0HdR(Wf,α(1))R.
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Conjecture 4. We assume that p > k does not divide N and that (MinF ) holds. Then, the
Tate-Shafarevitch group X1(Q,Wf,α(1)) is finite and
Γ(Ad(f)⊗ α, 1)L(Ad(f)⊗ α, 1)
Ω+f Ω
−
f ·Rf,α
∼ charX1(Q,Wf,α(1))
Proof. We just want to explain how the computation of the period using the Tamagawa
measure defined as in [BK90] yields the above formulation of their conjecture in our case.
According to [BK90, Section 5], the Tamagawa number attached toWf,α is a product
∏
p≤∞ µp
where µ∞ is the measure of A(R)/A(Q) with
A(R) := DR/(F
0DR +W
+)
with D = HdR(Wf,α(1)), W = c
−1
p (Ad(Lf )(1) ⊗ α)) ∩ HB(Wf,α(1)) and where we have
identified A(Q) by its image under the regulator map r∞ We have the exact sequence
0→W+R /W+ → A(R)/A(Q)→ H1D(Ad(MR)⊗ α,R(1))/A(Q) → 0
The volume of the right hand side quotient is Rf,α by definition. It rests to compute the
volume of W+R /W
+. Since M∨f
∼=Mf (k − 1), we have
W ∼= Sym2(L))(k) ⊗ α
with L ⊂ HB(Mf ) ⊗ O(℘) the inverse image of Lf by the p-adic étale comparison map
HB(Mf ) ⊗ K ∼= Hp(Mf ) ∼= Lf ⊗ K. Since δ+f , δ−f is an O℘-basis of L, we see from the above
isomorphism that δ+f ⊗ δ−f is an O℘-basis of W+. Since the measure on W+R is induced by
the O℘-structure of the D/F
0D, we deduce the volume of M+R /M
+ is given by (2iπ)kΩ+f Ω
−
f .
From [BK90], we deduce that
Tam(Wf,α(1)) = (2iπ)
kΩ+f Ω
−
f ·Rf,αLN (Ad(f)⊗ α, 1)−1
∏
ℓ|N
µℓ
where µℓ are the local Tamagawa numbers at the places dividing the level N . They can be
computed as follows as in [DFG],
µℓ = Tamℓ(Ad(ρf )(1) ⊗ α) = Tamℓ(Ad(ρf )⊗ α) =
#H1f (Qℓ,Ad(ρf )⊗ α)
#H0(Qℓ,Ad(ρf )⊗ α) = 1
by the minimality hypothesis (MinF ). Because Γ(Ad(f) ⊗ α, 1) = 2 · (2π)−k, we deduce
that the Tamagawa number conjecture asserting that Tam(Wf,α(1)) = #X
1(Q,Wf,α(1))
−1
is equivalent to our formulation. 
Lemma 10. Under the hypothesis of Theorem 10, H1f (Q,Ad(ρf )⊗ α(1)) is of rank one over
K. Moreover X1(Q,Ad(Mf ) ⊗ α(1)) and H1f (Q,Ad(ρf ) ⊗ K/O(α)) have same O-Fitting
ideal.
Proof. By the results of [CaGe14], H1f (Q,Ad(ρf ) ⊗ α) = 0. Now the rest of the Lemma
follows easily from Poitou-Tate duality considerations. More precisely, let us write Wn :=
Ad(ρf )⊗̟−nO/O(α) and q = #F. Since H0(Q,Wn) = H0(Q,Wn(1) = {0}, we have by the
Euler-Poincaré characteristic formula due to Greenberg-Wiles
#H1f (Q,Wn)
#H1f (Q,Wn(1))
=
1
#H0(R,Wn)
·
∏
ℓ|Np
#H1f (Qℓ,Wn)
#H0(Qℓ,Wn)
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We note that because of the minimality condition, we have #H1f (Qℓ,Wn) = #H
0(Qℓ,Wn) for
all ℓ|N . Now since H0(R,Wn) = (O/̟nO)2 (because α is odd ) and #H
1
f (Qp,Wn)
#H0(Qp,Wn)
= qn, we get
#H1f (Q,Wn(1)) = q
n ·#H1f (Q,Wn)(18)
We conclude using the exact sequence
0→ ΦO ⊗̟−nO/O → H1f (Q,Wn(1))→X1(Q,Ad(Mf )(1) ⊗ α)[̟n]→ 0
From (18), we indeed deduce that #X1(Q,Ad(Mf )(1)⊗α)[̟n] = #H1f (Q,Wn) for all n > 0.
Our claim follows now invoking the finiteness of H1f (Q,Ad(ρf )⊗ α). 
Let us now relate our result to the Bloch-Kato conjecture.
Theorem 12. Assume that p, D and N are relatively prime and p > k, (IrrF ) and (MinF ).
Then, we have
char Sel(Q,Ad(ρf ⊗ α)) ∼ L(Ad(f)⊗ α, 1)
πku2(fF )
· charH1(LTF /O ⊗λfF O)
where LTF /O stands for the cotangent complex of TF over O.
Proof. Since RF ∼= TF by the work of Calegary-Geraghty, using Mazur’s isomorphism, we
know that
Sel(F,Ad(ρf ))
∗ ∼= ΩTF /O ⊗O.
Moreover by Theorem 10, Lemma 9 and Theorem 11.(iii), we have
ηfF = η
2
fF
= η1fF = ηf · η1,♯f
Therefore it follows from Proposition 4 that
char Sel(F,Ad(ρf ) = ηfF · charH1(LTF /O ⊗λfF O)
= ηf · η1,♯f · charH1(LTF /O ⊗λfF O)
char Sel(Q,Ad(ρf )) · char Sel(Q,Ad(ρf )⊗ α) = ηf · η1,♯f · charH1(LTF /O ⊗λfF O)
Now we know that char Sel(Q,Ad(ρf )) = ηf by Wiles since RQ ∼= T is complete intersection.
We therefore get
char Sel(Q,Ad(ρf )⊗ α) = η1,♯f · charH1(LTF /O ⊗λfF O)
and we can conclude using Theorem 11.(ii). 
The following Proposition is independent of our results on period relations. We record it
with the hope it shed some light on the structure of the Selmer group of Ad(ρf )⊗ α.
Proposition 14. We keep the notations and hypothesis as the previous Theorem. Then, we
have an isomorphism
Sel(Q,Ad(ρf )⊗ α)∗ ∼= H2(F )♯ ⊗λfF O
where H2(F )♯ = H
2(F )⊗TF Ker θ with θ : TF → T is the base change homomorphism.
Proof. It follows from Lemma 3 and the fact that H2(F ) is free over TF by Theorem 10. 
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In our situation, a special case of a conjecture of [PV16] gives a canonical identification
respecting the rational structures
(19) H1mot(Ad(Mf )⊗ α,Kf (1))⊗ C ∼= Hom(H1fF ,H2fF )⊗ C
where H ifF stands for the fF - part of the degree i singular cohomology of XF with coefficient
in Kf . In other words, u2(fF )
−1u1(fF ) ·Rf,α ∈ Kf If we take into account Theorem 11.(i),
the following conjecture is therefore an integral version of (19).
Conjecture 5. Assume that p > k and is prime to N , then the following holds:
Ω+f Ω
−
f · Rf,α ∼ u2(fF ) · charH1(LTF /O ⊗λfF O)
where LTF /O stands for the cotangent complex of TF over O.
We deduce
Corollary 9. Assume the hypothesis of Theorem 12 hold. Then, Conjecture 5 and Conjecture
4 are equivalent.
Proof. This is immediate from Theorem 12 and Lemma 10. 
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